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F.15) Finiteplates.

In the case of the finite plates, the boundary conditions on the contour of the plate are essential ones in order to obtain the
values of the integration constants. Some particular, most common cases will analysed in detail. As a consequence, a previous

examination of the mean values 2 jjand Mijj = j j=12,3 itisnecessary.
F.15a) Significance of Zijand Mijfor the bending state.

According to the definition of the stress tensor elements, O'i J is the projection along | -axis of the surface force acting on

—

the surface having the outer pointing normal egual to ni- Because the elements O13 ' QOopgaeeven functions, the

mean values 213 > 93 are representing share forces, acting likein Fig.F3.
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Fig.F3. The mean values 213 (a) and 223 (b). Both of them are share forces.

Similar considerations allow one to conclude that the mean values |\/| 11 and |\/| oo e bending moments, while
M 1o M oqaretorsion moments (Fig.F4).
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Fig.F4. The bending moments My, (&) and M, (b). The torsion moment M, acting on the side having the outer pointing
normal 1is presented in Fig.4c. A similar torsion moment is acting on the side having the normal 2, but it is not presented in the
figure.

F.15 b) The rectangular plate. Boundary conditions. LEVY °s solution.

Let consider a rectangular plate having the sides equal to 2a and 2b respectively (Fig.F5). Consider, for example, the side
AB, having the equation X = a, Yy [J[—Db, b]). Among most commonly used boundary conditions are
-the embedded side: the flexure of the plate and the derivative of the flexure are both equal to zero

w(x,y)=0,0w/0x=0; (f123)
-the rotating side: the flexure of the plate and the bending moment are both equal to zero:
w(x,y) =0, M 11° 0, (f124)
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92w
w(x,y)=0, AL W+2p.—:0 (f125)
ax2

-the free side: the share force, the bending moment and the torsion moment are all equal to zero.
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Fig.F5. The rectangular plate.
Similar conditions can be derived for plates of arbitrary shape.

As an example, consider the rectangular plate with two opposite articulated sides. Neglecting the lateral forces and the
gravity, it follows to solve the simplified equation of the flexure

AAw=q(x,y)/D , (f126)

with the boundary conditions (f125) written for X = *a and a 2-D LAPLACE operator. Consider a particular solution having
the form

(0]
w(X,y) = ka(y)sin(knx/a), (f127)
k=1
it follows that
w(za,y) =0,
2 00
2w m2 26, 5 (f128)
—_— —2 z fi sin(kmx / a)
ax2 k=1
Hence
azw/axz:azw/ayzzo,forx:ia. (f129)
It follows the conditions (f125) arefulfilled for the two opposite articulated sides. Substituting (f127) into (f126), it follows that
4 0
T, Tt . Kkmx
Z Eﬂk )~ zgwgfk(y) A e X =gy D (s0)
a a E a
The function q(X,Y) is expanded in FOURIER series and the coefficients are identified. Both sides of eq.(f130) are
- . JnX . . -
multiplied by SmT , ] =12,... Theresultisintegrated on theinterval [—a,a], taking into account that
Ta kmx JTIX [0 ,pentrujzKk
sin——sin—-—dx = _ (f131)
A a a A ,pentruj=k

Hence

n kT[ n kT[ 4 1 +a kT[X
i) =25 1 kW) +E o k) =5 [ a0 y)sindx k=12..... (132
a a Da_a a
In the beginning, the next homogeneous equation is solved, i.e.

Fié"(y)—Z%@sz(y)+ QFk(y) 0k=12.... (139

The characteristic equation is

4
r4—2?§zr2+§@@ =0,deci rn=rp=-km/a ,r3=rq=km/a, (f134)
a a

hence the solution of the homogeneous equation is
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KTt .kt kTt . kmy[Q
F(y) =Ak cosh Y + Bk sinh Y 4 y%k cosh Y 4 Dk snh—yg , (f135)
a a a a
where Ak, Bk, Ck, Dk, k=12,... are some constants following to be obtained from the boundary conditions on the
other two (non-articulated) sides of the plate. The general solution of equation (f132) is the sum of (f135) and a particular

solution. The last one can be obtained by the usual techniques (e.g. CAUCHY method). The above approach is due to LEVY.

F.16) Vibrationsof a platelaying on a viscous substratum.

In this chapter, the flexure is considered as a function of both spatial co-ordinates and time. The corresponding differential
equation is derived, being solved in the case of the 2-dimensional plate.

a) Thedifferential equation.

Asusualy, aco-ordinate system is used having the horizontal axes x and y. The Z-axisis positive downward, having the unit

—

vector denoted by ez . By applying the mean-val ue operator, the equations of motion for the bending state are

d o0
OMXX/OX+6|\/|Xy/ay+%‘X(x,y,t)—q;(x,y,t)ﬁz—zxzzpzux : (f136)
d u |:| B LX)
6|\/|Xy/6x+a|\/|yy/ay+%Iy(x,y,t)—qy(x,y,t)g/z—zyz—pzuy : (f137)
and
0% yz/OX+03 6y+i§qd(xyt)+ u(xyt)D+pg=p" (f138)
X yz/ on iz qZB Uz :

It will be assumed that Bernoulli’s hypothesis is valid for all time. Hence the displacement vector has the elements
ow ow
x,V,zt)=—z2— xX,¥,z,t)=—-z— U (x,y,z,t) =w(x,y,t) . (f139)
Ux(%y,20) =22 Uy (oy.2t) =270 S, Y.zt =wxy.1)
Substituting (f139) into (f136)-(f138) it follows after elementary computations that

* % P, ,3.* °e | u
DA A w=pgH-pHw+-—H"A W+q (x,y,t)+q (x,y,1)
12 z V4
O u 0 | u 0/, 0 (1140
+— X, y,t) - X, y,t 6x+6§| X,y,t) = X,¥,t)5/0y[]
2[gqx(y)qx(y) MR WS Ls
As usually, the horizontal loads for the upper face of the plate are neglected, the surface forces being assumed to be
u_ u_ u_ e
qx =0 , qy =0 , qz =p gw+P1-w/g) (f141)

where pF is the density of the filling sediments and P is the load. The last term in (f141) is an inertial one. For the material
below the plate, the next constitutive equation is assumed

_ M M M M.
O =[po-p g(H+W)]] +A"trg 1 +2u"¢g +2n" ¢ (f142)
where P is a reference pressure and p'vI is the density of the material below the plate. The LAME elastic coefficients are

)\M ,uM and r]M is the viscosity. Hence the loads on the lower face of the plate are
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I MOW M OW I MOW M OW
= —+ —_— = — 4+ J—
O =M 5 TN o qy : oy T o (f143)
d
g,=ro-% TMA w + pMo(H +w)

Again, a correction due to the compressive horizonta stresses O )Cé ,O §:, acting along the x- and y-axes respectively at the ends

of the plate follows to be considered further. The reference pressure P(yis selected in order the flexure W to vanish in the
absence of theload P . Finally, ageneralisation of the Sophie GERMAIN equation for atime dependent flexure is obtained as

2
DAAW"‘ @\M—HM%W‘FH%COW Ca W|—|+(pM_pF)gW

=P+ r]M EA* w-(pH + P/g)w+£H3A* w
2 12
b) Therectangular plate with 3 welded sides.

For usual materials )\M = pM , hence the second term on the left side of (f144) vanishes. Because the load is mainly
represented by the relief, having the elevations much smaller then the thickness of the plate, the inertial term is usualy

negligible on the right side of (15). Let we= We(X,y) be the eguation of the flexure corresponding to the state of
equilibrium in the presence of theload, i.e.

DA A'w® + HEb%02W® / ax? + a§o2we 1 ay? B+ (M -pF)gw® = P (f145)
Consider the difference
8=8(x,y,t) = w(x,y,t) —~wE(x,y) (f146)
It follows that
* |:| 2 2 |:| M *oo P |:|
ANS+ 122 12 g:(ag+0 ag 04 12P -o" % 5+6n Aé— 122 U (f147)
pa“ H ox oy E p H E

where @ denotes the velocity of P-waves through the plate.
Consider thelengths of the sidesare Ly , L y respectively. Suppose the plate is welded according to

o(x,0,t)=0, with 0sx<Ly
3(0,y,t)=0, with Osys<Ly , (f148)
O(Ly,y,t)=0, with Osysly

at any time. A particular solution satisfying (f148) is

Sn (X, y,t) =sin(mmx / Ly )sin[(n - 05)Ty / Ly]Tp(t) , mn=12,.. (f149)
Substituting (f149) in (f147) it follows the modes are damped harmonic, i.e.

X3 . 2
T +2Zmn 1+

1=0 , (f150)

For m,n=1,2,... the periods are

A +12
Tmn = on \/ mn , (f151)
A

a %m —12T[2[0)C(m2H)2( + og:,(n - 0.5)2H§,] / (paz) +12p*gH / a2
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and the decay constants are

M
A
{mn = 3N 5 mn , (f152)
pH< Amn +12
where
— — *_M__F
Hy=H/Lyx , Hy—H/Ly , P =(p p)/p (f153)
and
Armn —HZBnZHX +(n-05)2H 32,5 . (154)
According to (f139), the modes are both toroidal and spheroidal.
For each mode, acritical viscosity can be found from
Zin =21/ T (f155)

2 H A +12
Nin = S,Tf v - (f156)
mn mn
For values of viscosity less than the critical value (f156), the motion of the plate is represented by a sum of damped oscillations.
The decay constants are obtained from (f152) and the periods are

Tmn = Tmn /\/1‘ %mn /Z%n%z (f157)

For values of viscosity greater than the critical value, the motion of the plate is aperiodic and the characteristic roots of (21) are

%mn +\/Zmn — 4n? /T @and %mn \/Zmn“m /T @ItfollowsthatforIargescaleoftlm&the

solution of (f150) behaves like exp(—Ct) , where the decay constant is

C=Cln —\/Zfl —an? T (f158)
al the other terms being faster attenuated. In many real applications, an approximate value of (f159) is
2,12
4/ T. 2
Cc= 11 02t (1159)

2
111+ \/zfl ~an? /Ty luly

With regard to (f149), the decay constant (f158) or (f159) can be obtained as the ratio between the amplitude of the velocity

00 / 0t and the amplitude of & . By using eq.(f152), that ratio can be used to estimate the mean viscosity of the material below
the plate

M _ pHZ 212 A +12

3C 12 A
Lx] mn
A numerical application with respect to the Moesian Platform, a micro-plate bounded by Carpathians and Balkan Mountains
and by the Black Seais presented in detail by (Ivan 1997a,b).

(f160)



