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F) ELEMENTSOF THIN PLATESTHEORY

F.1) Themodé of athin elastic plane plate.

The thin plane plate is a cylindrical body having an arbitrary horizontal cross section in the initially non-deformed state. Its
height, denoted by H = 2h, is much smaller than the other dimensions (usually, around 7-10 times). The material of the plate
is an elastic, homogenous, isotropic one, having the constants denoted by E and Vv, respectively A and L. The third axis of

the co-ordinate system, denoted by Oz, is a vertical one, positive downward. Let beX] =X, X2 =Y. In the initial, non-

deformed state, the plate is a plane horizontal one. The upper face has the equation Z=—h and the down face has Z=h
respectively. The plane of equation Z=0 represents the median plane. After the plate is deformed, it becomes a median
surface.

F.2) Theplanar state of a plate. The bending state.

Two particular situation for a deformed plate are considered (Fig.F1).
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Fig.F1. (@) The non-deformed plate; (b) The plateinto a planar state; (c) The plate into a bending state. Here, the median plane
is denoted by m.p. while m.s. is the median surface.

In the first case, the horizontal components of the displacement vector are symmetrical ones with respect to the median plane,
being even functions with respect to the zZ-variable, while the vertical component of the displacement vector is an anti-
symmetrical one (odd function with respectto Z), i.e.

Uk (X Y.=2) = Uy (x,y.2), k=12

(f1)
US(X, y,—Z) == u3(X1 y1_Z)'

From eq.(f1b) it follows that
u3(xl ylo) = 0 ’ (f2)

i.e. the material points placed initially into the median plane have no vertical displacement as a consequence of the deformation
of the plate (the median plane holds a horizontal plane one). Thiskind of deformation represents the planar state of the plate.

In the second case, the horizontal components of the displacement vector are anti-symmetrical ones (odd functions with respect
to Z), while the vertical component of the displacement vector is a symmetrical one with respect to the median plane (even
function with respect to z), i.e.

Uk Y2 = —U (%, ¥,2), k =12

(f3)
US(X’ y,—Z) = US(X, y,—Z).

By deformation, the material points initially placed into the median plane are displaced on the vertical direction, having no
horizontal movement. The median plane becomes a median surface. This state represents the bending state of a plate.

F.3) Loadsacting on the plate.
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For smplicity, the forces acting on the lateral surface of the plate are neglected. On the upper surface of the plate, having the

— —
— —

S S
equation Z = —h and the outward pointing normal vector n=- e3 , itis acting the surface force q = q (X,y) . Inthe

— —

same way, on the down surface, having the equation Z = hand the normal vector n-= e3 , it is acting the surface force

qJ :qj(x,y).Hence

0 -0 -
o B—esgz S forz=-h , (f4)
U U
i.e
S S S
013y~ =-Q;(%y), O3 y:~h) ==, (x,¥), O 33(%.y,~h) = - 5(x.y) (5
Also
(0] esij,forz:h , (f6)
i.e.
G130 Y. M =01 (%), G p5(% Y1) = Q506 V), G330, . ) =G40 ¥) . (7

We shell see that the above presented deformation states are compatible only to certain distributions of volume or surface
forces applied to the plate.

F.4) Odd and even functionsfor the planar state and for the bending state.

Let f =f(X,Y,Z) beafunction of three variables, supposed to be smooth enough. It can be seen that
f(x,y,2)+f(x,y,-2) . f(X,y,2)—-f(X,y,~2)

f(x,y,2) = + f8
(x,y,2) > 5 (f8)
Let
f+(x,y,z)=f(x'y’z) +2f(x’y'_z) : (f9)
F7(x.y,2) = f(xy,2) -2f(x, y,=2) (110)
It follows that

f+(x,y,—z)=f+(x,y,z) , T (xy-2)=-f (x,v,2) . (f11)

The function f + represents the even part of f (with respect to Z-variable), while the function f a represents its odd part. It

%+%+:f+ : %_%_:f_ , %+%_:%_%+=0 , (f12)

i.e. the even part of the even part is equal to the even part too. A similar relation holds for the odd part. The even part of an odd
part (and the odd part of an even part) isvanishing. For K=12 , X1 =X , X2 =Y, itfollowsthat

N % ——f T(x y,z)——%f(x,y,z)+aj

Hence, the partial derlvatlve (W|th respect to ahorizontal co-ordinate) of the even part of a certain function is equal to the even
part of that derivative. This property holds for the odd part. So,

%+%,k :(f,k)"‘ | %_%,k:(f’k)_ (f14)

U +
3 f(x, y,—z)%z [f,k (%Y, z)] (f13)

Also,
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% %3 ;Eﬁa G—[f(x,y,2) +f(X,y,~ z)]D——[f 3(x,y,2) = f 3(x,y,~ z)] (f 3) (f15)

Hence the partial derivative of the even part with respect to the vertlcal co-ordinate is equa to the odd part of the partial
derivative of the function itself with respect to same co-ordinate. In the same way it follows that

= %,3 =(fa)" . (f16)

By using the HOOKE’s law and the definition of the strain, it can be resumed that the planar state and the bending state are
characterised by the next components:

. + + -
-for the planar state: - the displacement vector: ul , u2 , u3

. o+ + - + - t gt
-straintensor: € 11, € 19, €13 € 22+ € 23: € 33>

o+ + - + - +

-for the bending state: - the displacement vector: uI , UE , ug

, - - o+ - + -
- strain tensor: € 11, € 12:€13'€ 22: € 23: € 33+ 9

F5) Mean value of a function. Equilibrium equationsfor thin plates.

Let f =f(X,Y,Z)an integrable function with respect to Z-variable. The mean value of f computed on the thickness of the

plate is denoted by
+h

" 1
f(x,y)=— [f(x,y,2)dz . 17
xy)=- _j (x,y,2) (f17)
For an odd function f , its mean value vanishes, i.e.
fo(x,y)=0, (f18)
It follows that o
fefrf =T+ =7 (f19)
For a function C = C(X, Y) depending only on the horizontal co-ordinates, eq.(f17) leads to
c=C , zC=0 . (20)
Differentiating eq.(f17) with respect to the horizontal co-ordinates, it follows that:
f =(f),k k=12 . (f21)
For the vertical derivative, it follows that
—_1 1 1,-
f =— dz=—f(x,y,h)-f(x,y,-h)|==f (X,y,z=h) . (f22
2]’ 2h[(y)(y)]h(y ) . (f22)
Consider the function zf (X, Y, Z) . It follows that
+ =(zf)" , zZf~ :(zf)+ . (f23)
Its mean value is
A=z(f T+t ) =d 4T =7 = ()" (f24)

Hence
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+h of +h 1 ) 1
3—— z_—dz= (zf) - f@lz = zf)+ L fdz =

J 0z % 0 hg ZI 29

f(x,y,h) +2f(x,y, h) —f(xy)=f T (x,y,z=h) -

Neglecting the volume forces (the weight of the plate itself, for example), the equilibrium equations for the planar state are

%ﬂé’l * %ffzgz * %51_3%,3 =0
%Iz%l * %752%,2 * %553%’3 =0. (f26)
%51_3%1 * %553%,2 * %533%3 =

L et the mean values of the stress components be denoted by

+h
1 .
Zijzcij:% J'O'ij(x,y, 2)dz i,j=123 (f27)
-h

Applying the mean value operator to egs. (f26) gives
2 > L o —
( 11),1 ¥ ( 12),2 * 2h [ 136y, ) = agy3(%, y,—h)] =0

, (f28)
(212),1 * (222)’2 + 2—1h[0'23(X, y,h) =g o3(X, y,—h)] =0

Using egs.(f5) and (f7) it follows

(510, *(S10)  * o XY+ QxR0
()5l e oo

+h
1
|\/||J O'.J n IZG,J(X y,2)dz i,j=123 . (30)

(f29)

Let

Multiplying egs.(f26) by z and using again the mean value operator, it follows
(M 13),1 * (M 23),2 * > -233-0. (f31)

Hence, using again egs.(f5) and (f7),

] Al
(M 13),1 + (|V| 23)12 + CI3(X, Y) > C|3(X, Y -233-0. (f32)

So, the equilibrium of athin plate into the planar state leads to egs.(f29) and (f32).
Consider the weight of the plate, the equation of equilibrium for the plate into the bending state are

o1, o], *Foik, -0
%51_2%,1 * %52%,2 * %553%,3 A (f33)
o1, ot Boad, 0=

Here, the density of the plateis P and the acceleration of gravity is .
Proceeding in a similar manner to above, it follows the equations of equilibrium for the thin plate into a bending state are
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(Zl ),1 * (Zzs),z * 2—1h 51;(& y)+q Z(X, y)§+ Pg=0,
(M 11),1 +(M 12),2 ¥ % %Ii(x’ )= 0 (% V)E‘ 2130 . (34
(M 12)11 + (I\/I 22)12 + %%Ijz(x, y) - q;(x, y)g— > »3=0

Eq.(f34b) is differentiated with respect to x and eq.(f34c) is differentiated with respect to y. The results are substituted in
eq.(f34a). Hence

(M11) 3 +2AM12) 1, + (M 22) 5, * 2_1h %Ié(x' )+ Q30 Y)g+ g

2o -gens +1G o -gSenE =o >
2%‘1 PR 2@12 Y qz(x,y)az
F.6) Thin planeplatein the bending state.
The component ulof the displacement vector is developed in power series with respect to Z-variable. It follows
ul(x, y,2) = ul(x, y,0) + zaa—l'il(x, y,0)+... (f36)

For the bending state, the first term in eq.(f36) vanishes. Because the thickness of the plate is a small one, only the second term
is kept. So the horizontal components of the displacement vector are

oy oy
Up(x.y.2) = za—zl(x, y0) . uxxy,2)= za—zz(x, y.0) . (f37)
The vertical displacement of the points placed into the median plane is denoted by
W= W(X1 y) = u3(X1 y1o) g (f38)

i.e. the mean surface has the equation Z = W(X, y). Here, W represents the arrow of the plate.

F7) BERNOULLI’s hypothesis.

According to BERNOULLLI, it is assumed that an arbitrary material segment of the plate, initially perpendicular on the
median plane in the non-deformed state, rests perpendicular on the mean surface in the deformed state. Let A(X,Y,2) a

certain point of the plate (not placed in the mean plane) and A (X, Y,0) its projection on the median plane. So, the segment

—

A oA is perpendicular on the median plane. After deformation, the material point A is moving at the point having the co-

ordinat&M(X+u1(X,y,Z),y+ uz(x,y,z),z+ u3(x,y,z)), while the point AQ is moving a the point

M o(X + ul(x, y,0),y + UZ(X’ y,0), w(X, y)) The horizontal displacements of the points placed in the median plane

are vanishing. So, writing the vector along the line, it follows that

MBM = (u1(x1 y’ Z)’ u2(x1 y’ Z)’ zZ+ us(x’ y’ Z) - W(X1 y)) (f39)

Expanding in power series the even function u3with respect to Z-variable, it follows

U3(X.¥,2) = W(X,Y) + Z2B(X, y)+.. (f40)
Using egs.(f37) and (f40), it follows that
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MoM = =2z——=(X,Y,0), z—=(X, y,0), JY)+
0 %az(xy)zaz (xy)z+z[3(xy)+§ -

= z (x yO) (x y,0), 1+ 22B(X, y)*...

I:I]]DI:I

Hencethedirectionis
Eﬁul 0 Us 2 0
> (x,¥,0), —=(X,¥,0),1+ z°B(X, y)+...
MoM % 0z 0z E 2
IMoM|| |EP ulé2

The normal vector on the median surfaceis

=\, O0—0 +0—0 +1. f43
O dx 0y 0o x doy (143
Comparing eq.(f42) to eq.(f43), the supplemental hypothesis of BERNOULLI is satisfied if
oy d oy d
1 __ow 2 __ow —
—Mxy0)=— , —=xy00=———, X,¥,2Z) =w(X, , 44
5, Y= (x,y,0) oy us(x.y,2) =w(x,y) (fa4)
i.e., by using eq.(f37), the displacement vector has the horizontal components equal to
. _ow 0w _
ul(xlyi Z) - _Za ’ UZ(ny, Z) - _Za_y ’ U3(X1y, Z) _W(le) . (f45)
From eg. (f45), the components of the strain tensor are
= _ZGZ_W = _262_W = _ZGZ_W =0 (f46)
€= 2 8127 5,y €2 5y2 €33 -
The LAPLACE operator in horizontal components is denoted by
2 2
LI )
0X ay
Hence the trace of the strain tensor is
*

F8) HOOKE'’s law for a thin plate.

By using egs.(f46) and (f48) it follows that

. OZWE
O11=Atrg +2H811=_Z§\A W+2paxZE . (f49)
But
— +h 2
2 1 2 h
z2°=— [z°dz=— f50
2h_J— 3 (50
Hence
20 2.0 20 2.0
h * 0“w H * 0w
M11=20 :——@A W+2u—D:——§\A W+ 2p——0 (f51)
1 1 3 OXZE 12 OXZE

In the same way,
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h2 62W H2 62W

=z =-2u— =- , f52

M12 012 H 3 0xoy H 6 dxdy (52
. E HZD 32w E

M >=205,=" @A W+ 2 Aw+2ud YD (gs3)
22 22 ayZE 12 ay2H

Substituting egs.(f51)-(f53) into eq.(f35) it follows the equation of Sophie GERMAIN:

DA A'w =pgH + qg(x, y)+ qz(x, y)
HE, ] O ' 0 H
+5%1(x,y) —qi(x, y)a1 + gljz(x,y) —CIZ(X’ Y)azg

D=(h+20) 2h3 _ Ea-v) H3 55
3 (1+v)(1-2v) 12

, (f54)

where

represents the flexural rigidity of the plate.

So, obtaining the median surface asks someone to solve a bi-harmonic equation, with certain boundary conditions on the upper/
lower faces of the plate. The equation (f55) will be solved in same cases of particular importance in real cases.

EXERCISE. Find the expressionsof > 13ad > o3 for athin plate into abending state.

F.9) Theinfinite, 1-dimensional (1-D) plate. Theflexure of the lithosphere.

Consider an infinite extended plate along Y -co-ordinate. The component U» of the displacement vector is equal to zero,

and the rest of the components does not depend on Y -co-ordinate. In this case, the plate is assumed to be in a cylindrical
bending state. Neglecting the horizontal loads, eq.(f55) becomes
d*w j s
D——=pgH + X) + X) . 56
4 =PI+ 0500+ G5(0) )

For the case presented in Fig.F2, on the upper face of the plate is acting the load P due to the relief and the lithostatic pressure,
i.e.
S —
g;0)=P+prg(w(x)-h) . (f57)

where Py is the density of the filling sediments (assumed to be homogeneous ones) placed between the reference plane of
elevation equal to zero and the upper surface of the plate. On the down face of the plate, it is acting the pressure of the liquid of
density equal to P .i.e.

L00=py-Pmaw() +h) . 59
where Pg is an unknown constant. Eq.(f59) becomes
4
d™w
Dd 4 =P-(Pm - pr)QW(X)+pO_Prgh—pmgh+ng _ (f59)
X

It is assumed that in the absence of the relief (i.e. P=0), the non-deformed plate (i.e. W(X) = 0) isin an equilibrium state under
the action of its own weight and of the pressure of the liquid, i.e.

po—prgh—pmgh +pgH =0 (f60)



48

[k
uullllHHT‘HIHL““.,

+
-

AR R R ERS

e
- -
e graret

Fig.F2. The flexure of the lithosphere under the action of the relief (P), of the lithostatic pressure ', and of the pressure of the

liquidMy .
It results the flexure equation of the 1-D plate :
4
d'w 1
v B[P— (Pm =~ Pr)gwW(x)] (f61)
Let
_ _ 4
(Pm -pr)o/D=4/a" | (f62)

where a isthe flexural parameter of the plate. Eq.(f61) becomes

=——-—w(X) (f63)

F.10) Exterior forceson thelateral surface of the plate. Buckling.

To derive Sophie GERMAIN equation (f56) for the bending state, exterior forces acting on the lateral surface of the plate
have been ignored, especially those placed into the median plane. Consider a very thin plate simply leaning like in Fig.F3. The
load P is absent and the plate is infinite developed in a direction perpendicular on the plane of the figure. An element of the
plate having the length equal to unit along that direction is considered too. Let hbe the thickness of the plate. The forces per

—

unit length along the above direction are denoted by + N , being derived from the stress O ¢ ( positive for compression ) by
N =o¢ch (f64)
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Fig.F3. A plate simply leaning, subject to the action of forces placed into the median plane.
(A lateral view. (b) A view from above.

If the forces £ N are small ones, the plate will be deformed according to a plane state, attempting a final configuration similar
to Fig.1b. If the forces + N are above a certain critical value, the plate loses suddenly its equilibrium state, attending a
deformation state like Fig.F4a, (or in the contrary sense, i.e. symmetrically with respect to the line of its supports. The

displacement field in this case is similar to the cylindrical bending. That phenomenon represents the buckling of the plate. It
characterises very thin plates or bars.



