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E) BOUSSINESQ’S PROBLEM - the concentrated force acting on the elastic semi-
space

E.1) Theequationsof BELTRAMI and MITCHELL.

It follows to obtain the partial derivative equations for the stresstensor (J in the particular case of an elastic, homogeneous,

isotropic media. In the beginning, the next symmetric tensor is evaluated

H - - 0
S =-(gad(p b)+grad'(p b)D )
d d
Using the equilibrium equation, it follows that
divg :—pg (€2)
Hence
S :grad%iivo- %+ grathjivo' % . (€3)
The HOOKE’s reversed law gives
1+v Y
=— -—0 : 4
€ =0 £°1 (e4)
)
E Vv
= + © , 5
o 1+v8 1+v 1 (€5)
where
O=trg , 9=trg :1_E2VG) : (e6)
But
div (f] ) =grad f . ©7)
Hence
dvg =—dive +— gad© (8)
o 1+v € 1+v

Expression (el) becomes

__E - toq O,V t O
S BEPRY %rad(dlvg )+orad”(dive )E+1+v %rad(grad ©®) +grad” (grad O)D (e9)

Because the tensor grad(grad © ) is a symmetric one, it follows that
E . t, . 1. 2v
=—— grad(div +grad” (div +——grad(grad ©) . (el0
S =1, grad(dive )+ grad'(divg )3+ - grad(@rad ©) . (10)
The tensor in the first parenthesis of (€10) has the ij - component equal to

%rad(divg )+gradt(divg )Ej =(divg )j,j +(divg )j,i =€ig,q " €jog.q

1 1 0
EgJi,qu " Uq,igi " Ujqai * Uq,jqi%_E%Ji,j * Uj,igqq * ZQJq,quj L= (e11)

%8 %J +%r€ %U :%8 %J +1_E2V @,ij :%8 %J +1_E2V [grad(grad@)] i

Hence

2V grad(grad®) (e12)

grad(divg )+gradl(divg )=Ag o1 -

Using (e12) and (e10), the expression (el) becomes
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1
——A + rad grad® 13
S 1+v € 1+v gredd (19
Applying the 3-dimensional LAPLACE operator A in (ed), it follows
1+v Y
Age =——A -—AO 14
€ =—g A0 —ghel (e14)
Replacing (e14) into (e13) gives
=AG -— 1O + rad grad® |, 15
S =AQ 1oy el + o oadg (e15)
i.e
- 0
Ao —AG)]_ + grad grad® = - Egrad(p b)+grad (p b)O (e16)
1+v +Vv F] Fl
But

tr(Ag )=A(trg )=A0,

tr(gradgrad ©)=A0O,
tr (A@7 )=3A0, (e17)

O - ( -0 0O -0 -
tr [grad(p b) +grad™(p b)=2trfgrad (p b)O=2div(p b)
= B B =

Applying the trace operator in (e16) and using egs.(el7) gives

1 3v
@+mAO 1TAO_ 2div(p b) (e18)

It follows the trace of the stress tensor verifies the relation
1+v -
AO=- -y div(p b) (e19)
-V

Replacing (e19) into (e16) gives

= - [0
Ao +Ldiv(p b)1 +igradgrad@— fgrad(p b)+grad (p b)O (e20)
1-v 1+v F] &

Egs.(e19)-(€20) represents the equations of BELTRAMI and MITCHELL, having as unknowns only the elements of the stress
tensor . Together with appropriate conditions (in tensions) on the boundary of the elastic body, they allow one to solve the
corresponding linear static problem.

Particular cases.
a) Suppose that

divipb)=0, (e21)
i.e. avector potentia ) exists having the property that
pb=roty , (e22)
From (e19) it follows that the traces of both stress and strain tensors are harmonic functions
AO=A0=0, (e23)
b) Suppose that
pb=grad¢ , where Ap =0 , (e24)
it follows that
divip b)=Ad =0, (€25)

i.e. eg. (e23) isverified and eq.(20) gives
Ag + ﬁ grad grad® = — 2grad(grade) (e26)
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Applying the LAPLACE operator A to eg.(e26), it follows that the stress tensor is the solution of the pi-harmonic equation
Mg =0 . (e27)

In most real cases, the volume forces are neglected (or they are represented only by the weight of the body, satisfying eq.(24). It
follows the elastic linear problem involve solving harmonic and bi-harmonic equations.

E.2) The model.

A co-ordinate system having the third vertical axis positive downward is used. The semi-space X3 = Ois represented by an
elastic, homogeneous, isotropic medium having the elastic coefficients A and | (or E and V respectively). In the origin of the

co-ordinate system is acting a vertical force having the magnitude equal to P. It follows to find the stress and the
displacements. Spherical co-ordinates will be used (Fig.E1):
X1 =rsind cosA, xo2 =rsind sinA, X3 =r cosd (e28)

&

Fig.E1 The spherical co-ordinate system and a vertical force of magnitude equal to P acting at the origin.

Because symmetry, the displacement vector has the components like
ur:ur(r,e), U}\:O’ uszua(r,ﬁ) (e29)

It follows the components of both stress and strain tensors are functions of rand & only.

E.3) The equations of equilibrium and strain tensor in spherical co-ordinates.

The LAME differential parameters for spherical co-ordinates are

hlzl, h2:r, h3:rsin8 (€30)
The generalised curvilinear co-ordinates are
C1=r, C2=19, C3: A (e31)
The unit vectors of the axis are
N=€e- N =€ >N ~€)\ (e32)
By using, for example, (IVAN, 1996), the divergence of a symmetric tensor T in spherical co-ordinates is
dvT =
OTyr 19T, 1 9T 2Tk, Trs _Tos +TM%£ .\
Hor r 99 rsind 9\ r rtand r Her
PTry 19Tes, 1 9Torn STro . Tro  Tos~TaH~  ©
T or r 99  rsndg oA © Tans T rwny €9
PTrr ,210Ton, 1 9Twm 3T ,2Ton B
S ar r 99 rsng oA - Trans HEA

In the same way, the gradient of a vector in spherical co-ordinates is
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gady=areltet g5 _Tﬁermeﬁmgna on T etent

Ua, + D - 0 e34
ar €& 05y %6‘9 Hrsmﬁ aA rtan%)%ea e)‘ (€39
aV)\ N 10V [l aV)\ Vr

— |:| —
0
ar A& e)‘ eﬁ sm8 aA r rtanS%eA e)‘
The components of the strain tensor are

e :aur _1 aur_u8+6u8D
M 9r ‘¢ 2H a9 r or

e _1d 1 9y, qu?u;\D8 _19Us  Ur
A ZHrsmB dA r ar 9 "¢ 99 r

(e35)

e _1H 1 9ug Uy 1(7U)\ - 19Uy LUr, Uy
2 ZHrsmﬁ oA rtan& r 68% A~ rsind odAa r rtan&

In the particular case of egs.(€29), it follows

_OUy oUr Ug  9UgH
v &g T 2

€™ 5y 55 r " arg En7O
(e36)
_19Ug Uy Ur . Usg
+—, =0, _—+
€9 r 09 r ) EM rtand
Hence
Or\~0g)~0. (e37)
By using (€33), the equilibrium eguations in the absence of the volume forces are
ao_rr+}ao-r8 +3Urr . O _On*055 %0 (39)
or r 09 r r tan & r ’
0 0 3 -
Or9 ,1°099 ,°Ors , Ors ,O8970n\_g
or r o9 r r tan 9 rtand
i.e
0 73. 0 2. — 24
E% snﬁgrr%+£% smBo'rS%—r snd O,
0 /3 0 g2 2 ()
E% sn80r3%+£% 5'”’90'33%” cosd gy
E.4) LAPLACE operator in spherical co-ordinates. LEGENDRE’s polynomials.
Using, for example, (IVAN, 1996) the gradient of a scalar function in spherical co-ordinatesis
radf-ﬂﬁ+laf H+ L ot o (e40)
g ar & 98 Tanaax O
Also, the LAPLACE operator is
0 O0-9f0 o 0. 0 2¢ 0
Af =divgradf =— ming L {207, 9 L9 0TH, 1 0 ;D (e41)
rs’nBE orgd orQd 0390 090 sn&a;\p

Consider the LAPLACE equation



37
Af=0 (e42)
for the particular case when the unknown function hasthe form f = f (r, 8). Equation (e42) becomes

aErZafD = a%n{)ﬂ%—o (e43)
ord adrd snd 90 090

By using the method of separation of the variables, a solution for eq.(43) has the form
f(r,8)=R(NY(®), (e44)

where R andY are two unknown functions. Eq.(e43) becomes

SR oy

= - =k, (ed5)
R Ysind
where K isa constant. From (e45) it follows that
2
2R AR _R=0 (e46)
dr2 dr

In a general case, the function R can be developed in power series. Let’s look for a particular solution having the form

Rnp(r)= rMwhere N is a natural number. It follows from (e46) that

k=n(n+1) (e47)
Then the particular solution of eq. (e46) can be expressed with the aid of two arbitrary constants as
Rn(r):Anrn+Bn/rn (e48)

Because f has to approach finite values for I — oo | ithasto take Ay =0.

The second relation (e45) gives
2

sde—Y+cos19d—Y+n(n +1)Ysind =0 (e49)
dg 2 ad
By performing the substitution Z = COSJ eq.(e49) becomes
d 2gdY O
—H -z +n(n+1)Y =0, 50
it 22H e+ (¢50)
The solution of (e50) is represented by the LEGENDRE polynomials denoted by Pp (z2),n=012,... So
Po(2)=1 , P(2)=z , Py(2)=(322-1)/2 (e51)

Because the trace © of the stress tensor is a solution of the harmonic equation (e23), it follows that the general solution for that
trace in the case of the BOUSSINESQ problem is

= z Pn (cosd). (e52)
n=0 "
According to eq.(e6), a similar solution exists for the trace of strain tensor.

E.5) Thedisplacement field.

We look for a displacement field having the form

1 1
ur=;¢(3) 1 u3:?¢(3) , Up=0 (€53)

where @ and ) are two unknown functions following to be obtained. Substituting (e53) into (e36) it follows that
£, =-0/r%  gq=(dd/do-20)/Br2H, g, =0
E99=(0+dW/d9)/ 1%, £4, =0, g3y =(0 +W/tg9)/ r?

It follows that the trace of the strain tensor is

O=trg =g, +Egg+Exy =(+dW/dd +y/tgd)/ r? (e55)
A comparison of (e55) to (e52) shows that

(e54)
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¢+dy/dd+Y/tgd =acosd ,

where @ isa constant remaining to be obtained. Hence

8=acos9 /r? O:(S)\+2u)6z(3A+2u)acosS/r2,

Exn =0~ (Er +E99) = (acosd —dy/d9)/ 12
By using HOOKE’s law, it follows that

Orr :()\ acosd ‘2M¢)/ I‘2 » Ors :H(d(l) / dd —2L|J)/ r2 ,
Ogg =[N acosd +2u(¢p +dy /dd)]/ 2
O\ :[(7\ +2u)acosd —2udy / d&]/ r2

Substituting (e58) into the first equilibrium equation (e39) and using (e56), it follows after elementary computations that

d 'nB% za(2+A/p)sn29 .
dd dd
Hence
9n8%=—§(2+)\/u)c0528 +b:b—g(2+)\/u)+a(2+)\/u)sin28,
do _b-a@+AWIZ o oun wsing
ad snd
where bDis an integration constant. Because
X X |+c
sinx 2
where C is a new integration constant, it follows that
0= E}—%(Z+)\/u)an tg% —a(2+\/p)cosd +C .

For O — T/ 4, the logarithmic term into (€62) leads to infinite radial displacements. That can be avoided by taking
b—g(2+)\ /1)=0.
Hence
¢=-a(2+A/pn)cosd +C , %:a(ZH\ /p)sing .
and

O = [(3)\ +4p)acosd - ZuC]/ 2
Substituting eq.(e64) into eq.(e56), it follows that

WY @A) cosd +C
4o g9

d . a . .
—(psnd)=—(B+A/pn)sin28 -Csind
dS(LlJ ) S W)
L|Jsin3:—%(3+)\/u)00528+C0058+D

=D —%‘(3+>\ /1) +g(3+>\ /1)sin? 9 + Ccosd

Hence

D - +A 4
0= a(3. /w/4, a
sindg 2
Because the tangential displacements has to be finite ones for A — 0, it follows that

(83+A/pn)snd +Cctgd .

(e56)

(e57)

(e58)

(e59)

(e60)

(e61)

(e62)

(e63)

(e64)

(e65)

(e66)

(e67)
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p=c®¥ 1, 8\ sn9 = —Ctgl +2(@+A/p)sing
sind 2 2 2 (8)
d—w:—++9(3+)\/u)cosﬁ
4 2cosf(9/2) 2
By substituting egs.(e64) and (e68) into eq.(e58) it follows that
_ 3 2 _ 290 0, 2
gra—u%Cth asmB@/r , 088‘”%’@ tg EQ acosBB/r ,
(e69)

O\ = HE:Q+ tg2 %@— acosSEr r2

Substituting egs.(e69) into the second equilibrium equation (€39) it can be seen that the last oneisidentically verified.

E.6) Boundary conditionsfor stress elements. Thefinal solutions.

Eqs.(e65) and (e69) contain the unknown coefficients @ and C . These constants follow to be obtained taking into account
that the force P concentrated in the origin of the co-ordinate system is acting on the elastic semi-space. It can be seen that the

points of the horizontal plane X3 = O have the co-latituded =T/ 2.
The unit vectors of the spherical co-ordinate system are related to the same vectors of the rectangular co-ordinate system by

L8 BB RB BB
0€r o 0€1n €10 fro
0, O 0, O 0, O t, O (€70
O 0O Oa . 0 Oa 07 O4 0O e
0€en © €2 €20 < 9p
0, O 0. O 0. 0O 0, O
HeaH — Hesd Hesd  HeyH
where the orthogonal matrix is
Esinﬁcos)\ sindsinA 0058%
Q = gosﬁ cosA cosdsinA —-sind . (e71)
—-sinA COSA 0 @
The outer pointing unit vector normal to the elastic semi-space is equal to
—63:—cosﬂer+sin6 €s - (e72)

The resulting exterior force acting on the elastic semi-space is vanishing for all the points of the horizontal plane 3 =11/ 2,
excepting the origin, i.e.

0 -
(L L =
Substituting (€72) into (e73) ford = T/ 2gives
0-_3_320 y O-r_szo . (974)
By using (e69), the first eg.(e74) becomes an identity and the second one leads to
a=2C. (€75)
So, egs.(e65) and (e69) give
Op= 2C[(3)\ +441)cosd - u]/ 2 (€76)

9 )
O~ -2Cu thcosA/ r2 » 099~ Cu COSﬂ%QZE-lg/ r2. (e77)

Consider an elastic hemisphere having the centre at the origin of the co-ordinate system. The curved surface Sof the

—

hemisphere has the outer pointing normal equal to €r- On that surface, the rest of the elastic body (i.e. the semi-space minus

the hemisphere) is acting on the hemisphere with a total force equal to
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- O - -0
Jlo erdA :H?rr €*O0ry EE)%O'A : (e78)
S S
where dA isthe surface element and the unit vectors are obtained with (€70). It follows that
5 2n n/2
[[o edA=[d\ [g gr®sinsds
S 0 0
T/ 2 (e79)

—4T[CI @(3)\+4u)0058 u]cos&smﬁ +utgacosﬁsm 8m8e3 4T[C()\+u)e3

Because the hem|sphere isinto an equilibrium state, it follows that

J'IO' er dA + P93: 0, (e80)
S
Hence
C=-_" (e8)
4T\ + )
Finally, the non-zero components of the stress tensor are equal to
— 2
O = m[(@\ +441)cosd - u]/ r<, (e82)
=——ut ﬁcos&/r2 (e83)
O-rA 2_‘_[()\ + ) H g )
Og9 = 4T[0\ ucosﬁ@ tg —er (e84)

The non-zero components of the displacement vector are
2(2+A/p)cosd -1/ r
Ur= 41'[()\ [ ( H) ]

=——Ag——-(B+A/p)sindHr
Us 4n(A+u)§gz @+ I Wsing
Using eg.(e71), the components of the stress tensor into the Cartesian base can be obtained as
Ebll O12 O-13 D Ebrr Ors 0
il
o O OF Q' Oy Og9 O
] O31 HO 0 ay
Also, the components of the displacement vector into the Cartesian base are
i tEUrE
ajzﬂ Q QugC - (e87)

(e85)

Q (86)

I

Of particular importance in real life are the components

20
__3®3, 5 1+v P U 1 z
033~ 2T[z I~ us= = 2T[g(l V)= +r3D (e88)

The BOUSSINESQ problem has a great importance in Geomechanics, in relation to the computation of a building foundation.
The above solution derived for a concentrated vertical force can be used in the case of arbitrary vertical forces (spread on a
certain domain) by assuming the principle of the superposition.



