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   D)  KIRSCH’s PROBLEM - THE CIRCULAR BORE HOLE / TUNNEL

   D.1) The model.

   It is assumed that the whole 3-dimensional space is represented by an elastic, homogeneous, isotropic medium, having the
elastic constants denoted by E  and ν , respectively λ and µ . A co-ordinate system having the third axis positive upward will

be used. The initial state of  stress is represented by the homogeneous tensor 
0σ , corresponding to a planar state of

deformation, i.e.
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where the components ij
0σ  have constant values. The mass forces are ignored, hence the equilibrium equation

div 0 0σ =
→

                                                                         (d2)

is identically satisfied.
Suppose that a circular, infinite bore hole / tunnel is performed along the third axis, its material being instantly removed. The
origin of the co-ordinate system is placed at the centre of  the cavity. On the wall of the bore hole is acting now the atmospheric

pressure (or the pressure of the drilling mud), denoted by 
0p . Consequently, a new (non-homogeneous) stress value is

obtained and the circular shape of the bore hole is changing too. It follows to obtain the new stress, denoted by 
fσ , and the

new shape of the bore hole in the final equilibrium stage, where

div fσ =
→
0  .                                                                       (d3)

It is also assumed that the deformation is an elastic one, i.e. the stress perturbation σ σ σ= −f 0
 is related to the strain

tensor by

σ ε ελ µ= +tr 1 2   .                                                         (d4)

The unknown components of the displacement vector are supposed to correspond to a planar deformation state, i.e.
u u x x u u x x u1 1 1 2 2 2 1 2 3 0= = =( , ) , ( , ) , .                       (d5)

Because the symmetry of the problem, the cylindrical co-ordinate system ( )r z, ,θ  will be used, having the unit vectors

denoted by

→ → →
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
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e e er z, ,θ  (see Fig.D1).

Fig.D1. The cylindrical co-ordinate system.

   D.2) The planar sate of deformation in cylindrical co-ordinate system.
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   With respect to Fig.D1 it follows that
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Hence the matrix for passing from the Cartesian co-ordinates to cylindrical co-ordinates is
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It represents a rotation of angle equal to θ in a positive (counter clockwise) sense. From (d4) and (d5) it follows that the stress
matrix in Cartesian co-ordinates is
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Let the stress matrix in cylindrical co-ordinates be
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It follows that
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By performing the computations in (d10), it follows
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( ) ( )rz z zz rrσ σ σ σ σ σ σθ ν ν θθ= = = + = +0 11 22,   .                         (d14)

   D.3) The circle of MOHR.
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  Suppose the Cartesian co-ordinate system is selected in order its axes to be along the first two eigen vectors of the stress

tensor. In that case, 11σ and 22σ  are eigenvalues of the stress tensor and 12 0σ = . From equations (d11)-(d13) it follows

that
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and an identical relation obtained by replacing rrσ  with θθσ . Eq.(d15) shows that rrσ  and rθσ  are placed on a circle

of radius equal to 11 22 2σ σ− / . Suppose now that rrσ  (or θθσ ) (i.e. the radial stress component, usually denoted

by σ ) and rθσ  (i.e. the tangential stress, usually denoted by τ ) are obtained at various angles θ and the MOHR’s

circle represented by eq.(d15) is obtained. Its radius and its position of the centre allow one to obtain graphically the
eigenvalues of the stress tensor. Further discussion will be presented in relation to the empirical failure criteria of materials.

   D.4) AIRY’s potential in cylindrical co-ordinates. The bi-harmonic equation.

   Consider the representation of the stress components with the AIRY’s potential in Cartesian co-ordinates, i.e.

11 22 22 11 12 12σ σ σ= = = −, , , , ,A A A    ,                              (d16)

where the AIRY’s potential verifies the bi-harmonic equation

∆ ∆* * A = 0    .                                                                            (d17)

In the beginning, the derivatives in eq.(d16) will be evaluated by using the polar co-ordinates
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Than, a representation of the stress components in cylindrical co-ordinates with the help of the AIRY’s potential will be
obtained from (d11)-(d13).
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It follows
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In the same way,
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In the same way
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From eqs.(d11)-(d13) it follows
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   D.5) The divergence of  a tensor in cylindrical co-ordinates.

In the case of the cylindrical co-ordinates, the square of the elementary arc is equal to

ds dx dx dx dr r d dz2
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Hence the differential parameters of Lamé are
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the orthogonal curvilinear co-ordinates are equal to
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It follows that
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Substituting the above results in the formula (a2.77) (Ivan 1996) it follows the next formula for the divergence of a tensor in
cylindrical co-ordinates
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   D.6) The gradient of  a vector and the strain tensor in cylindrical co-ordinates.

   Substituting the above results in the formula (a2.68) (Ivan 1996) it follows the next formula for the gradient of a vector in
cylindrical co-ordinates
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The components of the strain tensor ε =
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For the particular displacement field represented by (d5), the components of the vector u
→

are
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It is the case of a planar state of deformation, i.e.

ε
ε ε
ε ε

θ

θ θθ=

















rr r

r

0

0

0 0 0

    ,                                                        (d38)

and all the strain elements are functions of r  and θ .
Consequently, the stress is
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all the components of the stress being too functions of r  and θ , according to HOOKE’ s reversed law. It follows from (d33)
the next equations of equilibrium are obtained in the absence of mass forces:
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   D.7) The bi-harmonic equation in cylindrical co-ordinates.

   By using (a2.69) and (a2.43) (Ivan 1996), it follows the LAPLACE operator in cylindrical co-ordinates is
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The AIRY’ s potential is also a function of r and θ . Hence the AIRY’ s potential is the solution of the bi-harmonic equation

∆ ∆* * A = 0                  ,                                                                (d43)

where the LAPLACE operator in polar co-ordinates is
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It should be noted that the singular point r = 0  is avoided in (d44) because r R≥ > 0 , where R  is the radius of the bore hole.
   It follows to solve (d43) by using (d44) in order to derive the AIRY’ s potential. The stress components will be obtained from
(d27), imposing the boundary conditions on the wall of the bore hole. The components of the strain will be derived by using the
HOOKE’ s reversed law. The displacement vector will be obtained from the definition of strain elements, allowing one to find
the final shape of the deformed bore hole wall.
Consider the FOURIER expansion of the AIRY’ s potential, having the coefficients equal to functions of r
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By using (d50), the bi-harmonic (d43) is verified if
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Because 0A  is a function of  r only, eq.(d51) is
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Finally, denoting again the constants, it follows
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In order to solve eq.(52), a solution of the form

Φ = rm                                                               (d58)

is considered. Substituting (d58) in (d52), it follows that the exponent m is the solution of the algebraic equation
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Hence the AIRY’ s potential is
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where the unknown coefficients ai bi ci d i j j j j i j, , , , , , , , , , , ... , , , ...α β γ δ = =0 1 2 1 2   follows to be obtained.

   D.8) The stress elements. Conditions at infinity for the stress elements.

  By using (d61) and (d27), it follows
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At great distances from the cylindrical cavity, the elastic perturbation has to vanish, i.e.

r→∞
=lim θθσ 0          .                                                          (d63)

It follows
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Hence the AIRY’ s potential is
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and
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From (d65), it follows that
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From (d70), it follows that

r
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From (d73), it follows that

r
r

→∞
=lim θσ 0     .                                                                        (d74)
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   D.9) Strain and displacement vector. Conditions at infinity.

   From (d39) and HOOKE’ s reversed law it follows that
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i.e.
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Integrating (d77) it follows
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From
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it follows that
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Finally
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In the same way,
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It follows

E u E
u r r r rr

1 2 1 2 1−
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∂ θ
∂θ ν θθ
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νσ σ      .                               (d84)

Substituting (d82), (d66) and (d70) into (d84) and integrating with respect to θ , it follows after some computations that
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Form the condition

r
u
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it follows the unknown function ψ ψ= ( )r is subject to the condition
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or
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Substituting (d73), (d82) and (d85) into (d89), it follows after some computations that

r
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i.e. ψ = Cr . From (d87) it follows that ψ( )r ≡ 0 and, finally,
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   D.10) Boundary conditions for the stress elements on the wall of the circular cavity.

   Using the previous results, the final expressions of the plane elements of the stress are equal to
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and
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The cavity wall has the outer normal (with respect to the rock domain) equal to −
→
er and radius equal to r R= .  In the case

of a bore hole, let ∆p be the difference between the mud pressure and the pressure of the fluid contained by the porous rock
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(usually, because the atmospheric pressure is negligible, it follows in the case of a tunnel that ∆p = 0 ). It follows the final

stress 
fσ satisfies the next boundary condition

f
r p r for r Re eσ −
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With no loss of generality, it can be assumed that the stress at infinity is along its main axes, i.e. 12
0 0σ = . Hence
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Hence

c

R
p

d

0
2

11
0

22
0

2

1 1 0

= −
+

−

= =










σ σ

δ

∆
     ,                                                       (d95)
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It follows that
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Hence

c p R

c R cn n

d
R

d n n

n n n

0
11
0

22
0

2
2

2
11
0

22
0

2
2 0 3 4

2 11
0

22
0

4

4
0 3 4

0 0 2 3

= −
+

+














=
−

= =

= − −



 = =

= = =



















σ σ

σ σ

σ σ
γ δ

∆

, , , ,...

, , , , ...

, , , , ...

      .                           (d100)

By using (d11-d13) for 12
0 0σ = , the expressions of the final stress are equal to
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In real cases, the value of the stress at infinity are positive ones for compression.
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   D.11) The final shape of the wall.

  Consider again the case when the direction of the horizontal axes of the co-ordinate system is along the corresponding eigen

vectors of the initial stress 
0σ . In that case, 12

0 0σ = . Using the above results, it follows the displacement vector for the

points initially placed on the wall of the circular cavity is
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Consider an arbitrary point on the wall of  the bore hole. In the initial state, it has the polar co-ordinates ( )r R,= θ . Its

position vector with respect to the centre of the circle is
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Using (d6) the position vector in the final stage is
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After elementary computations, it follows
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Taking into account that  1
2

2
2 2X X R+ = , it follows the final shape of the cavity is an ellipse of equation

x
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where the semi-axes of the ellipse are equal to
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Fig.D2. The shape of the borehole (tunnel) in the initial state (the circle) and in the final state (the ellipse), corresponding to a
compressive stress.

In real cases, the initial stress 
0σ  is usually a compressive one, i.e. (see Fig.D2)

11
0

1 22
0

3σ σ= − = −S S,                                                           (d111)

where the maximum compressive stress S1 and the minimum compressive stress S3  have positive values 0 3 1≤ ≤S S . It

follows here that the major semi-axis a corresponds to the minimum stress and a b≤ .


