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D) KIRSCH’s PROBLEM - THE CIRCULAR BORE HOLE / TUNNEL

D.1) Themodsdl.

It is assumed that the whole 3-dimensional space is represented by an elastic, homogeneous, isotropic medium, having the
elastic constants denoted by E and Vv, respectively A and L. A co-ordinate system having the third axis positive upward will

be used. The initial state of stress is represented by the homogeneous tensor (_')'O, corresponding to a planar state of
deformation, i.e.

00 0
(011 O12 0

0_E0 0
0 =01 0 O o (d1)

20 o Viortook

where the components 0‘8 have constant values. The mass forces are ignored, hence the equilibrium eguation

OO

divgP= 0 ()
isidentically satisfied.
Suppose that a circular, infinite bore hole / tunnel is performed along the third axis, its material being instantly removed. The
origin of the co-ordinate system is placed at the centre of the cavity. On the wall of the bore hole is acting now the atmospheric

pressure (or the pressure of the drilling mud), denoted by p 0’ Conseguently, a new (non-homogeneous) stress value is

obtained and the circular shape of the bore hole is changing too. It follows to obtain the new stress, denoted by O'f , and the
new shape of the bore holein the final equilibrium stage, where

dvgf=0. (@)

It is also assumed that the deformation is an elastic one, i.e. the stress perturbation ( = O'f - 0‘0 is related to the strain
tensor by

O =Mrg 1 +2ug . (d4)
The unknown components of the displacement vector are supposed to correspond to a planar deformation stete, i.e.
up =uq(xq,X2) , uz2=u2(xq1,x2) , uz=0. (d5)
Because the symmetry of the problem, the cylindrical co-ordinate system (r, 0, Z) will be used, having the unit vectors

|:|—> Ed — |:|
denoted by Ebr , ee , eZ B (see Fig.D1).
0 0

Fig.D1. The cylindrical co-ordinate system.

D.2) The planar sate of deformation in cylindrical co-ordinate system.
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With respect to Fig.D1 it follows that

|:|—> — —

Eér =cosB €, +snbe,,
Eee :—sineel +coseez,

o
EZ

Hence the matrix for passing from the Cartesian co-ordinates to cylindrical co-ordinatesis

Jcos® snB 00

_ g O
Q—D sin® cos6 OD
B 0 0 1F]

(d6)

(d7)

It represents a rotation of angle equal to B in a positive (counter clockwise) sense. From (d4) and (d5) it follows that the stress

matrix in Cartesian co-ordinatesis

0 0
(017 O12 0 O

ct U B

[ ] =01, O O g
50 0 VAgtOuxFf

Let the stress matrix in cylindrical co-ordinates be

o m O Orz
[U] 0w Ogs Oerp:
Opz O_zzE
It follows that
D cosB sind OEII)'11 O12 0 EECOSG

[O’] YI_Q[ ]crtQ sn® cos@ 0%012 O %
° MHo o 011+012 °

By performing the computationsin (d10), it follows

_011702
On=""5

_Onn*ox :

+0-123n 26+%

011702

__011"022
O're——Tsn26+o'1200526 :

cos20 |

cos20

-sin 00O

cosO@ O

0

012=06,=0 + Oz =Y(011*02)=V(0 * o)

D.3) Thecircleof MOHR.

1

|

(d8)

(d9)

(d10)

(d11)

(d12)

(d13)

(d14)
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Suppose the Cartesian co-ordinate system is selected in order its axes to be along the first two eigen vectors of the stress
tensor. In that case, O'lland 0‘22 are eigenvalues of the stress tensor and 0‘12 = 0. From equations (d11)-(d13) it follows

that
N 0117 O20H 2 _HO117 028
?rr_ 2 % 0o~ 2 % ' (d15)

and an identical relation obtained by replacing ( rr with 096 . Eq.(d15) shows that O'n, and O're are placed on acircle

of radius egqual to ‘0'11— 0'22 / 2. Suppose now that orr (or 096) (i.e. the radia stress component, usually denoted
by 0 )and O're (i.e. the tangential stress, usually denoted by T ) are obtained at various angles 0 and the MOHR’s

circle represented by eq.(d15) is obtained. Its radius and its position of the centre allow one to obtain graphically the
eigenvalues of the stress tensor. Further discussion will be presented in relation to the empirical failure criteria of materials.

D.4) AIRY’s potential in cylindrical co-ordinates. The bi-harmonic equation.

Consider the representation of the stress components with the AIRY’s potential in Cartesian co-ordinates, i.e.
O011"A22 02 A1 0 -Ar . (d16)

where the AIRY’s potential verifies the bi-harmonic equation
* %
AA A =0 . (d17)
In the beginning, the derivatives in eq.(d16) will be evaluated by using the polar co-ordinates

=rcosO
D<1 Er 1/xl +x2 (18)

9(2 =rsin® EB— atan(xo / x1)

Than, a representation of the stress components in cylindrical co-ordinates with the help of the AIRY’s potential will be
obtained from (d11)-(d13).

But
i_ﬂzcose , or __2:S|ne ,O_G:—X_ZZ—SI—ne ’a—e:ﬂ:&SG (d19)
ox1 r oXp r X1 (2 r oxp 2 r
It follows
IA OJA oA
Ao B ospp S—”GA o (¢20)

0X1 or ox1 00 0x1

In the same way,
cosH

r 1

(d21)

A o=snBA L+

Also,
sin@

A= (Ad),=Bos0A - S A o1
=sin6[PosO A\ | - S”GAQQ COSGQ: 0sOA | - S”eA e@ (@22)
H A _Aeefsine FA e _Aef
g e

O A ol O A A aU
All_cos 8A rr+s|n GF‘A 199§+zsinecose§——’re+ ’eg , (d23)

SR

c0s 20

In the same way
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A eD O A 0 A ol
=sin?@ + cos? GFA ' 90 ogngcosed- 0 00 s
A A A S Tepg @
Hence
Ar Ago
011*02 A2 Au~An*— "5 (d25)
] A A oH 0 A Apgd
T 00 1IN
0'11_0'22:A,22_A,11:§_A,rr+ F o @0529 ZS”ZGE' r @ - (026)
From egs.(d11)-(d13) it follows
A, Aos Aw Ap
On~— *—% O Anx » O~ +t— - @)
r r
D.5) Thedivergenceof atensor in cylindrical co-ordinates.
In the case of the cylindrical co-ordinates, the square of the elementary arc is equal to
ds? = dxZ + dx3 + dx3 = dr? + r2de? + dz? (d29)
Hence the differential parameters of Lamé are
hl=1 , h2=r , n3=1 | (d29)
the orthogonal curvilinear co-ordinates are equal to
01:1 , 02:6 , 03:2 , (d30)
and the unit vectors are
1:eIr , n2:ee , S:ez (d31)
It follows that
q
on~ _ 5025P1 . (d32)

Substituting the above resultsin the formula (a2.77) (Ivan 1996) it follows the next formula for the divergence of atensor in
cylindrical co-ordinates

divT = E@Trr L9Tg  9Trz  Trr —Tog %e

or roo 0z r r
(d33)
[PTrg , 0Tpe , 0Tez . Tro . . [PTyz  0Tgz 0Tz Tz O
+ + + +2 + + + +
or roo 0z r Eee or roo 0z r Eez

D.6) Thegradient of avector and the strain tensor in cylindrical co-ordinates.

Substituting the above results in the formula (a2.68) (Ivan 1996) it follows the next formula for the gradient of a vector in
cylindrical co-ordinates
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- _aUr Iy - aUr r
gradu—?erﬂe e ee eDe
+— Yo de+—2e e, +—2e, 0
ar S0 TGN C T, S E,

Ze e, +a”2e Dee+a“2e e, - ee ey + reemee

15 -0 -0
The components of the strain tensor € =§%rad u+ %rad u% nae
Fl Fl
ouy 10u, ug oOugQ 1[Puy
= == - Y4 Y
Enr= 5 €@ 3He r a0 €z 2Hgy
oug 1[Pug auz O _Ouy

_—+— =__ £
€00~ 0+ ' €ezT3Hy, T reH ' €27

—

For the particular displacement field represented by (d5), the components of the vector U are

ur=ur(r,8) , ug=ug(r,8) , uz=0
Hence

E:rzzsez:gzz:0

It isthe case of aplanar state of deformation, i.e.

%rr €ro OE
3 :gre €eo 02 -
0 0 0

and al the strain elements are functionsof r and 0.
Conseguently, the stressis

EO-rr Org 0 E
_ 0 O

O “Or Opgg O 0
% 0 0 V(O-rr + O-ee)%

aUZ 0
or

(d34)

(d35)

(d36)

(d37)

(d38)

(d39)

all the components of the stress being too functions of I and 0, according to HOOKE's reversed law. It follows from (d33)

the next equations of equilibrium are obtained in the absence of mass forces:

900 + 909 .Onr~Ooe -0

or rod r
9019, %068 ,,010 _,
or rod r

D.7) Thebi-harmonic equation in cylindrical co-ordinates.

By using (a2.69) and (a2.43) (Ivan 1996), it follows the LAPLACE operator in cylindrical co-ordinatesis

(d40)

(d41)
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2 2
AF = div(gradf) = =2 @ 19 ; ; (¢42)
00 0z
The AIRY’s potential is also afunction of r and 6 . Hence the AIRY’ spotentlal is the solution of the bi-harmonic equation
AN A =0 , (d43)

where the LAPLACE operator in polar co-ordinatesis

% Q 162 +1a+102 (d44)

rar or 92 o2 ror (2392

It should be noted that the singular point I = 0 is av0|ded in (d44) because r = R >0, whereR is the radius of the bore hole.
It follows to solve (d43) by using (d44) in order to derive the AIRY’s potential. The stress components will be obtained from

(d27), imposing the boundary conditions on the wall of the bore hole. The components of the strain will be derived by using the

HOOKE's reversed law. The displacement vector will be obtained from the definition of strain elements, allowing one to find

the final shape of the deformed bore hole wall.

Consider the FOURIER expansion of the AIRY’s potential, having the coefficients equal to functions of r

(0]
A (18)= A0+ Z[An(r)cosn6+ Bn(r)sinne] (d45)
n=1
It follows
oA
P _AO Z %A\ncosnEH anmneg (d46)
n=1
azA ” © 7 7
5 =Aot > %Ancosn6+ aninneg : (d47)
or n=1
62 00
5 :—an(Ancosn6+aninn6) : (d48)
08 n=1
Hence
M ., 1 . p2 0O 0. 1 . pn2 O O
AA =AAQ+ Y +=A —— A Heosno+B +=B -— B Esinnbl  (d49)
— r 2 E r 2 ES'
n=1 r r H
and
0o []] 2 2 4 2 O
mo2n©+1 v 2n© +1 n~ —4n
MA =0AA, Z%A g A 3 A 2 A@cosne
2 2 4_,2 g *0
U [l
w2 o 2nC 41 0 2n© +1 n" —4n
+ +—B B B B ﬁﬂnn@m
ﬁg r r2 r3 r4 H
By using (d50), the bi-harmonic (d43) is verified if
AAAO:O , (d51)
andif thefunctions A , B arethe solutions of the next differential equation
2 2 4 2
m 2N +1 no2n¢ +1 -4n
+— CD P + 3 D + 7P =0. (d52)
r2 r

Because A\ o isafunctionof T only, eq.(d51) is

= |k

Od
E%E E% Ao =0 . (d53)
rdr @d dr dr



25

Hence
Od ED od 0
rigig Ao : ig 0% agrinr+bgr . (d54)
dr El dr dr d
But
r2 1
J’r Inrdr = —Qn r-— —§+ const. (d55)
2 2
Hence
d
2020 26y, 10, 50,2, g (@50
dr 2 2 2
Finally, denoting again the constants, it follows
Ao =agr?Inr+bgr? +colinr+dg . (d57)
In order to solve eq.(52), a solution of the form
p =rM (d58)

is considered. Substituting (d58) in (d52), it follows that the exponent M is the solution of the algebraic equation

m(m - )(m - 2)(m = 3) + 2m(m - (m - 2) - (2n2 + hm(m = 1) + (2n2 + hm + n? = 4n2 = 0 (d59)
having the roots

mi=-n , mp=-n+2 , m3=n , Mg=n+2 . (d60)
Hence the AIRY’ s potential is

[00]
A (r.8)=agrlinr+bgre +cglinr+dg + )3 B2+ oM+ epr T2+ dpr M Ecosne

n=1 (d61)

(0]
+ Z %nrn+2 +Bnrn +ynr_n+2 +6nr_n%sinn6
n=1
where the unknown coefficients ai,bi,Ci,di,aj,Bj,yj,Bj, i=012,... , j—l,2 follows to be obtained.

D.8) Thestress elements. Conditions at infinity for the stress elements.
By using (d61) and (d27), it follows

C
Ogo=A rr=30(2Inr+3)+2b9 - =3
r

(0]
+ Z %n(n +2)(n+r" +bpn(n —1)rn_2 +cn(n=2)(n=1r " +dpyn(n +1)r_n_2%cosn6 (d62)
n=1

[00]
+Y Fn(n+2(n+Dr" +Ban(n-r" "2 +yp(n-2)(n-1r " +3pn(n+1r " "2Fsinne
n=1
At great distances from the cylindrical cavity, the elastic perturbation hasto vanish, i.e.
limoge=0 - (d63)
I - oo
It follows

ap=0 , 2bg+2b2+2B2=0 , anb=0/p=0 ,n=12,...

- (d64)
bn :Bn =0 ,n=34,...

Hence the AIRY’s potential is
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[0)0]
A (r,e):COInr+d0+(b1+Bl)r+ Z(Cn Cosn9+ynsinn6)r_n+2
n=1

(d65)
[00]
+ Y (dn cosne + & snn@)r "
n=1
and
c [00]
gee:——g+ Z(n—Z)(n—l)(cn cosnd +yp sinn@)r "
r —
n=1 (d66)
(00]
+ 3 n(n +1)(dp, cosnd + 3, sjnne)r_n_2
n=1
From (d65), it follows that
[00]
A r:C—0+b1+Bl+ Z(—n+2)(cn cosnB +yp Sin ne)r_n+1
1 r —
n=1 (d67)
(e0]
+ Y (~n)(dn cosné + 3 sinn)r "1
n=1
[00] [00]
A g= > n(-cnsinn8+yp cosn@)r " + Y n(-dpsinng +3p cosnd)r ", (deg)
" on=1 n=1
(e0] [00]
=- n2 Cp cosnb +yp sinnb r_rl+2 d cosn®+dnsinnd)r . (d69)
09 n n n n
n=1 n=1
Hence
Ar Ao _co bi+p 2
—_ ’ ’ 0 1 Bl _ H -n
Op=—"+ > r2 Z_ %1 +n chn cosne +yp sinno)r
=1 (d70)
[00]
z%ﬂ ngdncosn6+6nsinne)r_n_2
From (d70), it follows that B
”mUrr:O . (d71)
[ - oo
Also,
[00] [00]
A 9= > n(n-2)(cnsnn8-yp cosne)r_n+1+ an(dn sinn -3, cosne)r_n_l. (d72)
’ n=1 n=1
Hence
__Am Ap
Ore r )
- - (d73)
=- Z(n2 -n)(cnsinn@-yp cosnd)r " - 5 %ﬂz +nH{dn sinn®-3p, cosng)r "2
n=1 n=1
From (d73), it follows that
limo,g=0 - (d74)

I - o0
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D.9) Strain and displacement vector. Conditions at infinity.

From (d39) and HOOKE' sreversed law it follows that

1 3 | 1+v 3 0
€ —Egl+v)g Vige) 15_—E V(O-rr+0-66)lg (d75)
i.e
_1—V2D Y [0_Ouy
En="g ©n 12,0605 4 (d76)

Hence
E our_co 1 bi+P1
1-y2 Or 1-v 2

[00]

> (n —1)51 + 2+1L(n -2)dcn cosn@ +yp sinn@)r "
-V

n=2

(d77)
1 2 -2
-—— Y n(n+1)(dn cosné +3p sinng)r "
l_vnzl
Integrating (d77) it follows
Ezur: o 1 =+ (og +Bg)Inr + Z §H2+—(n 2)§cncosn6+ynsmne)r n+l
1-v 1-vr g
(d78)
1 2 -n-1
+—— 3 n(dn cosné +3p sinnb)r =1+ ¢(0)
l_vnzl
From
[imur=0 , (d79)
ro oo
it follows that
by +B1=0 , ¢(©)=0 . (d80)
Hence
E co 1 i 0 \Y] +1
up=-——0 =4 +2+——(n-2)H{cp cosnB +yp, sinnd)r "
1-y2 ™ 1-vr Z %1 1—v( )an ¥n )
B (d81)
1 * . -n-1
tIos Zn(dn cosne + &y, sinnd)r
n=1
Finaly
_1+V B_CO * n+1
ur—?ET+ Z(n+2 4v)(cp cosné +yp sinnd)r
n=2 (d82)
0 O
+ ' n(dn cosne + & sinn@)r "N 710
n=1
In the same way,
_1 \)2|:| Vv |:| aue +_r (d83)
€e0~ @ee 1-v ”H e r
It follows
E aue:_ E ur+r0_ee_Lro-rr ) (d84)
1-y2 09 1-v2 1-v

Substituting (d82), (d66) and (d70) into (d84) and integrating with respect to 0 , it follows after some computations that
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D 00
g —V)P(r) + (n —4+4v)(cpsinné - yp cosne)r_n+1
n= 2 (d8s)
00 0
+ 5 n(dpsinne -3y, cosne)r_n_lﬂ
n=1
Form the condition
limue =0, (d86)
I - o0
it follows the unknown function ) = (r) is subject to the condition
limuw()=0 . (d87)
r— oo
But
1+v 1Puy ug OdugQ
=00 500t H des
€10 E 00~ 2 rE (d59)
or
E [Dul’ aueD
2r =— -ug +r— . ds9
O~ 11y 00 0 or H (d59)
Substituting (d73), (d82) and (d85) into (d89), it follows after some computations that
dy
S e, (d90)
i.e. Y = Cr. From (d87) it followsthat Y(r) = Oand, finally
1+v -2 n+1 n-1-
ug = DZ (n-4+4v)(chsinn® -y cosnd)r "+ + Z n(dp sinn®-&p cosné)r "' -0
=2 n=1
(do1)
D.10) Boundary conditionsfor the stress elements on thewall of the circular cavity.
Using the previous results, the final expressions of the plane elements of the stress are equal to
[00]
O :C—g -y %12 +n- chn cosn@ +yp sinn@)r "
r —
(d92)
(00]
-3 %12 +nH{dp cosn® + 5 sin ng)r "2
n=1
c [00]
Ogo= ——g + Y (n-2)(n -1)(cpy cosn8 +yp sinn@)r "
r —
n=1 (d93)
[00]
+ > n(n +1)(dp, cosnd +3p, sin ne)r_n_2
n=1

and

o0 o0
Org=- Z(n2 -n)(cnsinnB-ypcosnd)r " = Y th? +nHdp sinne - 8y cosn)r "2 (dss)
n=1 n=1

The cavity wall has the outer normal (with respect to the rock domain) equal to —er and radiusequal to r = R. Inthe case

of a bore hole, let Ap be the difference between the mud pressure and the pressure of the fluid contained by the porous rock
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(usually, because the atmospheric pressure is negligible, it follows in the case of a tunnel that Ap = 0). It follows the final

stress O'f satisfies the next boundary condition

—»I:I —
()'f D e =Ape, | for r=R (d92)
g

Hence
Eer‘r R _Urr

(d93)
I’e‘ r= R 0- re

With no loss of generality, it can be assumed that the stress at infinity isaong its main axes, i.e. 0'1(?2 = 0. Hence

|

[00] [00]
%0 2 - -n 2 - -n-2
SR—Z— > %1 +n—2§cn cosn@+ypsinnB)R™" - > %”l +n%dn cosnd + 3y, sinnd)R
0 n=2 n=1
0 0, 0 _0__0
0 _0112022_011 022 5526 - Ap
BOO (0]
0 %Z—n%—cn sinnB+yp cosnB)R™" + > %12+n%—dn sinnB +3p, cosnG)R_n_2
Ch=2 n=1
l
0
N Mgnze
t
(d94)
Hence
0 0 0
5% - 017022 _ ),
0s2 2 , (d95)
511—51=0
and

Z 2in- ch—?}+%ﬁ2+n%dizgposne+%w +n- 2%\/—” %2+n%7[5nn9%

R RN 40 20 E
0__0
C5112C522COSze
(d96)
o0
= 2 n 2 dn O. 2 Yn 2 n O E
S e e e
n=2
0 0 . (d97)
011‘20223-nze

It follows that



and

Hence

f

-

W
o

O
oco - 0117022 _,
= p
DRZ 2
= 0
%4‘322+6d2 Oun 02 (do8
oRr2 R? 2
O
0,¢c2 gd2 01102
5 R? R 2
E{n2+n 2)—n+(n2+n) N_-0 , n=34
0 2
O -
[(n2+n 2)yn +(n2+n)—2N_=g | n=23.
O q (d99)
Snz—n)—n+(n2+n) N -0 , n=34,..
R Rn+2
O]
2 Yn 2 dn _ e
Bn n) +(n“ +n) s , h=23
O 0.0 0
O11+to
o = 112 22 4 ppR2
O 0 O
U 0
0 - -
Ebz:011 0222 ch=0 ,n=34. _ (d1200)
0 2
O 4
__ B0 __o0QgR
2 =-Hopy Oxff, » 9n=0 .n=34,
Hn=0 ,6,=0 ,n=23
By using (d11-d13) for (y ](?2 = 0, the expressions of the final stress are equal to
0 0 0 0
+ —
0117022 ,0117022 -4
2 2
0117022, , OR 0_ _O0EFR 3.0 __0p@R
O O

and

0. 0 0 0
f _0117022 0112702

E011+022

Opo~

Q

f__
e~

2

0__0
011702
2

c0s20 + Eli El_ %)‘11 (0] 22%— €0S20 (d102)

sin20- Fg ), - ggzg—sn 20+ %;11 oo R: sin20 (d103)
r

In real cases, the value of the stress at infinity are positive ones for compression.
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D.11) Thefinal shape of thewall.
Consider again the case when the direction of the horizontal axes of the co-ordinate system is along the corresponding eigen

vectors of the initial stress 0’0. In that case, 082 = 0. Using the above results, it follows the displacement vector for the

pointsinitially placed on the wall of the circular cavity is

0 0
+

%r(r—Re)—lﬂ) Epllzczzmpﬂs 4\;)—011 cy22coszeD

N | E . (d104)

0

Ble(r—R e)———R(3 4y )—Gllzczzsnze

Consider an arbitrary point on the wall of the bore hole. In the initial state, it has the polar co-ordinates (r = R,G). Its
position vector with respect to the centre of the circleis
- D
+
X R%oseel sneeZE (d105)

Using (d6) the position vector in the final stageis
- D
X x +up (R, e)e +ug(R, e)ee = R%oseel +sneeZE

0, 0 0__0 m HD
+ —
+1+VR%)_11 O-22+Ap+(3—4v)Mcosze oseel+smee . (d106)
E O 2 2 20
|
0__0 n HD
—1?VR(3 4v )Mgnzeg sneel+cosee25
L U
Hence
0 0 0 0 0 0
+ —
%1 = RcosO + 1;’ R%jll 2022 +Ap+(3- 4v)%cosze%:ose
B B B
0 0
|:| —_
= 1Y RE-av) 91170224 5660
] E : (d107)
0 1+v_HONtO 0%1-O% .=
(ko =Rsin® + rE-11 22+Ap+(3—4v)Mcoszegsine
[ E O 2 2
0 |
O 0__0
E —1—VR(3 4)%%290056

After elementary computations, it follows



[ O 0.0 0 0 0 I
_g,1+vi011702 0011702
%1_%+ £ O 5 +Ap+(3-4v) 5 %}(1
5 B b S
= [ 0 0 0 0 J (109
0 0 -
_g, 1+vi011*022  , . ,,011702
%(2_%+ =T +Ap-(3 4\;)—%)(2
£ B b (5
Taking into account that X%+ X%Z R2, it follows the final shape of the cavity is an ellipse of equation
X5 %5
—2+—2: , (d109)
a b
where the semi-axes of the ellipse are equal to
0 0 0.0, 0 0__ 0[O
E?:R%+1+VEO-11 0-22+Ap+(3—4v)—0-11 0-22%
E 2
5 B b (5
0O 0, 0 0_ 0 o
0 0.0 , _
+
=R+ VO 02,y (34,011 922
il E
£ B - (5
SS
51 S
S:’:
Fig.D2. The shape of the borehole (tunnel) in theinitial state (the circle) and in the final state (the ellipse), corresponding to a
compressive stress.
Inreal cases, theinitial stress O'O isusually acompressive one, i.e. (see Fig.D2)
0 _ 0 _
011~ -S1 ., 0 99 = -S3 (d111)

where the maximum compressive stress $1 and the minimum compressive stress S3 have positive values0< S3 < 5. It
follows here that the major semi-axis acorresponds to the minimum stressand a< b.



