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B) DEFORMATION OF A CYLINDRICAL BODY IN THE PRESENCE OF
GRAVITY

B.1) Themods.

An elastic homogeneous isotropic body is considered (Fig.B1). Its initial shape is a right, vertical, very thin cylinder of
radius equal to I and height equal to H. The base of the body is placed on the horizontal, absolutely rigid, planeX1OX 2.

The deformation of the body due to its own weight follows to be studied and the final shape of the body into the final
equilibrium state will be found. The approximations of the linear theory are assumed and the variation of the density isignored.
The problem is solved by following the next steps:

i) - the equations of equilibrium are used, the unknowns here being the components of the stress tensor ( ; these equations
are processed according to the simplifying hypothesis of the problem,;

ii) - by using the reversed HOOKE’s law, the equations of equilibrium are processed in order to have only the components of
the strain tensor £  as unknowns;

—

iii) - by using the definition of the strain tensor, the components of the displacement vector | ] are obtained and the final
shape of the body is found.

Fig.B.1. (a) A vertical cylinder lying on a rigid plane; (b) The final shape of a vertical cross section (solid line) with respect to
the initial shape (dashed line). [NO SCALE]

B.2) The equations of equilibrium. Boundary conditions. Simplifying hypothesis.

A simplified approach can be derived by using cylindrical co-ordinates. However, the problem here is an introductory one. So
these co-ordinates will be used later, in relation to other problems. The equations of equilibrium in Cartesian co-ordinates are

01117 0122%7 013370
01211702027 023370 (b1)
0131+v0232+03337P9=0

Here, O is the density and Qis the gravitational acceleration. The forces acting upon the body are the reaction force of the

horizontal plane and the gravity of the cylinder. The boundary conditions are:
-on the lateral surface of the cylinder:

o n=0 ,for x300H], xq,xp0r (b2)
-on the upper base of the cylinder
o n=0 ,for x3=H, Xx1,xp0A , (b3)

Here, A is the disc of radius equal to I', having the centre at the origin of the co-ordinate system and the boundary denoted by
[". The outer pointing normal at the lateral surface of the body is a linear combination with variable coefficients of the
horizontal unit vectors, i.e.

n =C1(x1,x2) € + C2(x1,x2) €, (b4)
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For X3 O[O,H], x1,X2 Ol eq.(b2) becomes

C1(x1.x2)[011€1 + 0126, * 013631+ C2(x1.X2)[012€1 +* 0 22€, 0238317 0 (49

—

The outer pointing normal at the upper base of the body is the unit vector % .For x3=H, X1,X2 UA, eq. (b3) gives

0136, 10236, +03363=0 (b6)

Eq. (b5) issatisfied if the stress tensor has the form

N N
OOOD

83 L o 0 0 L (b7)
[l
DO 0 0330
on the lateral surface of the body.
Because the cylinder is a very thin one, the stress at its inner points is approximately the same one to the stress on the lateral
surface. So, it is assumed that eg.(b7) holds inside the whole volume of the body. It follows egs.(bla)-(blb) are identical
verified. From eq. (b1c) it follows that

00

33_ -
- ’ X 1X ,X _H —0 b8
o3 PY, O33(X1,x2,x3=H) (b8)

The problem represented by eq.(b8) has the next immediate solution

0 33(X1,%2,%3) =pg(x3 — H) (b9)
The reversed HOOKE’s law is

811:é[(1+ Voot ot 033)]

22:é[(1+")022“’(011+022+033)]

1
833:_[(1+V)GSS_V(011+022+033)] (b10)
1+v 1+v 1+v
€127 012:€237 7 023°€137 ¢ 013
Because
. ay;Qd
8..:l%b_u.|+__m , (b11)

egs. (b10) lead to

M—:ﬂ(H—XB) _auz—ﬂ(H—Xs) _au3—%

3 ) = ) =—(x3-H)
x1 E 0X2 E ox3 E (b12)
0 0 0 0 0 0
U1+ U2:O 1 U2+ U3:O 1 U3+ U1:0
0Xx2  0X1 0X3  0X2 0x1  0X3

By integrating eq.(b12) it follows that
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V
u1=ﬂ(H -x3)x1 +f1(x2,x3) ,

uz——(H x3)x2 +f2(x1,Xx3)
og X2 (b13)
Usz= E( 23 Hx3) +f3(x1,x2)
af_1+af_2:0 , afz + af3 :Vpg)(2 , afs + afl = Vpg Xl
0X2 0X1 0x3 0oxp2 E ox1 ox3z E

Hence the displacement field is found if the unknown functions f1,f2 ,f3 are finally obtained. Differentiating (b13e) with
respect to X1 and (b13f) with respect to X 2 and adding the results, it follows

2
O O
5 0°f3 N 0 D0f:|_+6f2D

=0 . (b14)
0X10x2 0x3[Pxo ox1l0
S0, using eq.(b13d) it follows
2
07f3 =0 (b15)
0X10X2

From eg.(b15) it follows that

fa(x1,x2) =h1(xg) +ha(x2) . (b16)

where h1, 2 are two unknown functions, following to be found. Egs.(b13e) and (b13f) give

0f2(x1,X3) _ vpg Xo — dho(x2)  of1(x2,x3) _veg, _ dhi(xa)

, = X1 - (b17)
X3 E dx o 0X3 E dxq

The left side of eq.(b17a) is represented by a function depending on X1, X3 only, while the right side is a function of X2.
Hence both sides are equal to a constant, i.e.

01‘2(><1,><3):_612 dha _ vpg

, —X92 +a b18
0X3 dxp E 2792 (b19)
It follows that
f2(x1,x3) = —apx3 +92(x1) .h2(x2) ‘%X% +apxp +bp (b19)
In asimilar manner, eg.(b17b) gives
— _VpPg 2
f1(x2,x3) = ~axg +01(x2) ha(x1)=— X7 +a1x1 + by (b20)
From eg. (b13d) it follows that
dga(x2) _ _dga(xq) _ (b21)
dxo dxq
where K isaconstant. Then
01(x2)=Kx2+C1 , g2(x1)=-Kxp +C2 (b22)

For simplicity, material co-ordinates are used to obtain the final expression of the displacement field
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U

0

0 V(H - X3)X O X KXo0O 0O U

. ( 3)X1 CragX3—KX20 O o

N V(H-X3)X2 + g&2X3 + KX1§+ g} C1 @ (b23)
1

2 yX1+asXo +b2
3 3 _ V.2 2 %
éx? HX 3+ (X +X3)

Thefirst term in eg.(b23) is the true displacement, the last one is a trandation while the second term is the rigid rotation

Uaz [
DZD

g;lgx X (b24)

(I

B.3) Thefinal shape of the body.
a) Thefinal shape of the upper base

Consider an arbitrary point of co-ordinates equal to (X1, X2, X3 =H). Intheinitial stage, it is placed on the upper base of
the cylinder. Finally, the co-ordinates of the point are

0 0
X710 OX10O . 0 =
1 U [
4 ZD: D+@D 0 0 (b25)
gz @ HQ B0 ZD
3 0y o o HAU
Hence
i
B(1=X1
X2 =X2 (b26)
0
vpg 2 P9 H2
[k X7 +X +H
D3 ZE( 2)
From eq.(b26) it follows that
2 2 _y2 2_.2
x1+x2—X1+X2—r : (b27)

Hence the circle representing the contour of the upper base remains a circle of the same radius. The plane of the circle is

moving downward by a quantity equal to pg(H 2_ vr2) / (2E) . The surface of the disc representing the upper base of the
body isno longer aplane one. It becomes arotational parabolic surface having the equation

_vpg( 2,

P92
H+H b28
#x5) =2 (b28)
b) The final shape of the lower base

Consider now an arbitrary point initially placed on the lower base of the body. The point has the co-ordinates equal to
(X1,X2,X3=0). Thefina co-ordinate of the point are

D<1D X1 HX 1

7 .
D D vpg O 0
0 Hx2+x3)1 2]

Hence
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O

5(1 =(1+vpgH/E)X1

X2 =(1+vpgH/ E)X 2 (b30)
U

vpg ., 2 2
[(ko=—=(X5 +X
D3 2E( 1 2)

From eq.(b30) it follows that
X2 +x5=(L+VvpgH/ E)2(XZ +X2)=(L+vpgH/B)?r2 | (@
i.e. the circle representing the contour of the lower base remains a circle. The new radius is increased by a quantity equal to

vpgH / E. Theinitial horizontal plane of the circle is uplifted by a quantity equal to Vpgr2 / (2E) . The surface of the disc
representing the lower base becomes a rotational paraboloid having the equation

v
X3 = i > (x% + x%) (b32)
2E(1+vpgH/ E)

¢) Thefinal shape of the lateral surface

Consider now a point initially placed on a generatrix line of the cylinder. Because of the cylindrical symmetry of the problem,
the point having the initial co-ordinates equal to (X1 =0, X2 =r1,X3) is considered. Finaly, that point has the position
characterised by the co-ordinates

ogoon
|
I
o

—r+—(H X3)r (b33)

oo
I\)

3D+ _2E r

U H

From (b33), it follows that the generatrlx remains into the initial vertical plane. Its shape is changed from a straight line
segment to a convex parabolic segment, having the equation

0
%3 X3+nglX23 Hy 204 VPY 2

— _ 2__ P92, VP9 2
X3—2V pg(X2/I’ 1) (X2/I’ 1)+H 2E 5E (b34)

OBSERVATION. On the lower base of the cylinder it is acting the reaction force of the rigid plane, equal to the weight of the
body. When the surface of the base is decreasing, approaching the paraboloid of eq.(b32), the normal unit effort (equal to the
weight divided by the contact area) is increasing. At a certain moment, its magnitude will exceed a yielding value of the
material. Then, HOOKE’s law, valid in the elastic domain, will be no longer appropriate here.



