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G) THE SPHERICAL SHELL

G.1) The model. BERNOULLI’s hypothesis. Displacement vector and strain tensor.

A spherical elastic, homogeneous shell having the elastic moduli equal to A, L is considered and the usual spherical co-
ordinate system (r, 0, (I)) is used. However, some of the derived results are also valid in the case of a more general, non-elastic

spherical shell. In the initial state, the homogeneous density is denoted by P and the median spherical surface of the shell has

the equation
r=R, (91)
where R isthe radius of the sphere. At a certain time during the deformation, the median surface will be

r=R-w(6,¢,t) : (92)
where W = W(0, §, t) isthe flexure of the shell, positive downward. Hence the unit vector normal to the median surface at a
certain point of co-ordinates(r =R-w,8, d)) is
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Neglecting the quantities of the second order, it follows that
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Consider the initial, non-deformed state of the shell and two points of co-ordinates A((R,8,¢) and Bg(R+ h,0,¢),

O

(D)

— —

where H=2h is the thickness of the shell. It follows that the segment A B has the unit vector equal to € - Atan arbitrary
time, in the deformed state of the shell, the point A (is displaced to apoint A having the position vector equal to

—

rA:Rer+ U(R,G,(I),t) ’ (95)
while the point B(is displaced to the point B having the position vector equal to
rB=(R+h)er+ u(R+h,6,¢,t) . (g6)
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Here, U isthe displacement vector at a point of certain spherical co-ordinates. Assuming the shell is thin, quantities of the

order h 2are neglected and the segment AB has the unit vector equal to
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The partial derivatives in (g7) are computed at the point (R,0,). It is assumed that Bernoulli’s hypothesis is valid for all

time. It follows that a segment inside the shell, which is initially normal to the median spherical surface, will be always normal
to the median surface during the deformation. From (g4) and (g7), it is supposed that the displacement vector has the elements

[l
Hir (r,8,6,1) = -w(®,6,1)
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where X and Yy are two unknown functions representing the horizontal displacements of the points initially placed on the
median sphere. A further hypothesis on X and Yy will be later considered. It follows the elements of the strain tensor are
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Hence the trace of the strain tensor is
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where the two-dimensional LAPLACE operator is
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G.2) Quasi-mean values. Equations of motion.

Consider the stress tensor in spherical co-ordinates. For each element of the tensor, the corresponding quasi-mean value is
defined, for example, by

9 R+h ,
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In the same way, the corresponding quasi-moment is defined by
R+h
M - H _[ _(r_R)Grrdr : (918)
The equations of motion in spherical co-ordinates are
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In the above equations, P denotes the density of the shell in the deformed state. Assumed to be a negligible second order
effect, that density will be replaced by the initial density P at the right side of (g19).

(919)
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The first equation in (g19) will be multiplied by r2 and the quasi-mean operator defined by (g17) will be applied. The next
two equations in (g19) will be multiplied by I and the quasi-moment operator defined by (g18) will be applied. In order to do

that, some intermediary results are necessary.

G.3) Integralsof the stress elements. Quasi-moments.

L et the stress values on the upper/lower faces of the shell be denoted as

g”=g (R+h,6,¢,1)
and, respectively, by

O'L:O' (R-h,8,¢,1)

Elementary computations show that
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In the case of the elastic shell, the HOOKE s law leads to
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Integrating by parts, it follows that
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Similar relations are derived for 0’r¢ .

Also,
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In the same way, it follows that
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G.4) Integralsof the displacement vector.
Using (g8), it follows
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Also,
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G.5) Equationsof motion in quasi-mean values.

Let thefirst equation in (g19) be multiplied by r 2. By applying the quasi-mean operator defined by (g17), it follows
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The next two equationsin (g19) are multiplied by r and the quasi-moment operator defmed by (g18) is applied. Hence
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G.6) Quasi-mean value of the shell density. The differential equation.

(g34)

According to (gl7), the quasi-mean of a constant is equal to that constant. Applying the quasi-mean operator to the mass
balance equation in the linear approximation gives

p=pol-trg) . (g35)
It will be further assumed that the quasi-mean of the density is constant and equal to itsinitial value. From (g35) it follows that
tre=0 , (g36)
i.e., using (g15),
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For the elastic shell,
O =Mrg 1 +2ug . (938)
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By using (g9), it follows
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or, using (g36),
Theterm (h/ R)4 will be neglected. Using (g40) and substituting 3 o and qu) between (g32)-(g34) it follows
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A correction due to the compressive horizontal stresses (y Ne) acting at the ends of the shell, approximately along
the O —and ¢ — axes respectively, follows to be further considered.

G.7) Thebuckling of a spherical shell.

Consider the element ABCD of the mean surface of the deformed shell from Fig.G1. It is centred at the point M, where the

- 5 o>

local unit vectors are € Ey: e¢ . The centres of the lateral sides are denoted by M i , k =1,2,34. On the meridian

cross section M 4MM 2 isacting anormal compressive stress O'WE, having the approximate direction from West to East,

and atangentia stress T NS, having the approximate direction from North to South. On the parallel cross section M 1MM 3

is acting a normal compressive stress O'NS, having the approximate direction from North to South, and a tangential stress

T WE , having the approximate direction from West to East. Let @ be the angle between the normal vector to the meridian

-

section M 4MM 2 and the unit vector eq) . Also, let © be the angle between the normal vector to the parallel section

—

M 1MM 3and the unit vector @g . The concentrated force acting at the point M g is

—
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Fig.G1. A rectangular element of the mean surface of the deformed shell

In the same way, the concentrated force acting at the point M 3 isequal to
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The concentrated forces acting at the points M 2 and M 4 are respectively equal to
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Let p=p(0,¢)a surface density of forces normal to the element of the shell, having the same mechanical effect as the
presence of the compressive stress. The force due to that density is equal to

But

cosdd1l , cos@01l , sSsndOp

2 =p(0,0)(R- w)Zsinededp €, . (946)

It follows the deformed element of the shell isinto an equilibrium state due to the action of the lateral stress and to the opposite

—

force — Zp ,i.e

S 43, +35+5,-5p=0 . (@

Hence the next three equations of equilibrium are obtained:
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For the particular case when O'WE is a constant and ‘[ : ‘|_' E- 0, egs.(g48)-(g50) show that the presence of the
lateral compressive stressis equivalent to a supplemental load placed on the upper face of the shell, having the value
O 2 2,0
H 0w 1 0°w
pe.0)=-—5 g\ +g"VE —H (951)
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aresult similar to the case of the plane plate (Timoshenko and Woinowsky-Krieger 1959; Nowacki 1961). Quantities of the

second order, like (aw / 69)2 have been neglected again.

G.8) Load on the upper face. Stresson the lower surface of the shell.

Consider now the differential equation (g41). Usually, the horizontal loads for the upper face of the shell are neglected, and it
isassumed that
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where pFis the density of the filling sediments, P is the load and an inertial term is considered. For the material below the
shell, the next constitutive equation is assumed

M
5
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B=0 gh’p:o, (952)

where PQis a reference pressure, p'vI is the density of that material and 7 is the unit tensor. The elastic coefficients are
)\M ,uM and the viscosity is denoted byl‘]'vI . The strain tensor inside the material is gM and the gtrain rate here is
aeM/at.

The first boundary condition assumed on the lower face of the shell, having the equation r = R — h , is the continuity of the
displacement vector. Hence the elements of the displacement vector inside the material placed immediately below the lower
face of the shell are assumed to be equal to the same elements at the points of the shell placed on the lower face. By using egs.
(g8), it follows

]
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Hence the next values for the strain tensor immediately below the shell are obtained
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The normal vector at the lower face of the shell is er. From Newton’s third low, it follows a relation between the stress

(955)

O'Sinside the shell and the stress (y M inside the material below the shell, i.e.
OSD e - ﬁ? H (956)
on the lower surface of the shell. Here, the next elements of the stress are obtained after some elementary computations
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G.9) Thedifferential equation of time dependent flexure.

and

(959)

The reference pressure PQin (g53) is selected in order the flexure of the shell to vanish in the absence of the load.

Substituting the loads on the upper/lower faces of the shell in eq.(s41) and taking into account the presence of the lateral
gstress, a generalisation of the Sophie GERMAIN plain plate static equation in the case of a time dependent flexure of a
spherical elastic shell is obtained as
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If quantities of the order (h/ R) are neglected with respect to unit, it follows finally that
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where
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isthe flexural rigidity and aisthe velocity of the P-wave through the shell. Also,
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G.10) Spherical effectswith respect to the plane plate.

For the usual materials, 7\M =M M . In that case, the corresponding eguation for the plane plate (Ivan 1997) is.
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With respect to (g64), a change of the density difference p -P according to (g63a) and a substitution of the real lateral

stresses O'NS O'WE by their apparent values O'NS+ 0'[, O'WE + O'[can be observed in eq.(s61). A supplemental

load is present according to (g63c). For wusua values (eg. Ivan 1997a) like H/RO1/100,

u,uM DlollPa,pM ,pF [13000kgs/ m3,0'NS Q'WEDSOMPa, al these effects are usualy negligible and

difficult to be observed in red life. To compare 2w / tho A[W in the left side of (g61), the case of a rectangular plate
having the sides equal to Ly, Lyis considered. Here, the flexure is proportiona to a product of sins (cosines) functions, i.e.

w O sin(mmx / Ly )sin(nny / Ly). It follows the LAPLACE operator of the flexure is proportiona
toAHy Dnzgﬂz / Lg( +n?/ L%%sin(mnx/ Ly)sin(nmy / Ly). For the fundamenta mode (M=n=1) it
follows that
ow/R? _ 1
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That ratio is negligible too in the usual cases.
It can be concluded that in the usual cases, the sphericity of the crustal plates can be ignored and the equation derived for the
flat plate can be used.



