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ABSTRACT

Imaging aims to create representations of internal object structures through indirect external physical
measurements. In seismic exploration, for instance, seismic reflections on the Earth’s surface are mapped
into discontinuities in physical properties, revealing geological structures. Various seismic imaging techniques
exist, differing in their approach to wave propagation (acoustic or elastic; isotropic or anisotropic), wave
equation type (one-way or all-way), application domain (post-stack or pre-stack), numerical implementation
(frequency or time domain; integral or differential forms), and other factors.

Migrations usually assume a linear relationship between data and image based on the Born approximation,
and the image consists of a scalar parameter that describes the spatial distribution of subsurface reflectors.
Since seismic data includes not only primary reflections but also multiples that do not satisfy the Born
approximation, imaging is normally preceded by multiple attenuation to meet the linear assumption and
avoid creating fake reflectors and crosstalk noise. However, multiples provide additional illumination and
resolution because they can sample subsurface image points at angles different from those of the primary
waves. Therefore, multiple attenuation ignores additional information that could be used to improve the
image.

In this thesis, I introduce an acoustic nonlinear inversion imaging method, based on a parameterization
of the wave equation that preserves the nonlinearity between data and image, defined as a vector instead of
a scalar function. This parameterization separates propagation and dynamic effects. Wave propagation is
ruled by a background velocity model, lacking sharp contrasts, while the dynamics of reflections is controlled
by the image vector parameter I seek to invert. The vectorial nature of the image reflects the directional
dependence of the reflectivity and its nonlinear dependence to the data enables multiple-scattering modeling

to fit unprocessed data, containing multiples and ghots in addition to primaries.
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CHAPTER 1
INTRODUCTION

Imaging creates representations of object interiors from indirect physical measurements at the exterior
of the object and has applications across diverse fields. For example, medical imaging creates visual repre-
sentations of the interior of the human body for the diagnosis of medical conditions (Hussain et al., 2022).
Non Destructive Testing uses imaging to analyze material integrity without causing damage, making it an
indispensable tool in many industries, like advanced manufacturing, aerospace, and infrastructure (Dwivedi
et al., 2018). The focus of the thesis is on seismic imaging, a powerful technique for studying subsurface
geological structures by mapping seismograms recorded on the Earth’s surface to its interior (Scales, 1995).

The Earth subsurface can be represented by the spatial distribution of its physical properties, such as
velocity and impedance, and also by their contrasts. Seismic data contain two important sources of informa-
tion, traveltime and amplitude. As demonstrated by Jannane et al. (1989), traveltimes are predominantly
influenced by the low wavenumber component of velocity governing wave propagation, while amplitudes are
sensitive to the high wavenumber components of velocity that correspond to contrasts, giving rise to observed
seismic reflections. Stolt & Weglein (2012) state that the physics of wave propagation and reflection par-
tially decouple because they inhabit regions of different wavelengths, which is known as the information gap
that can be recovered from seismic data (Claerbout, 1985; Tarantola, 1986). As a result, processing seismic
reflections has two main interrelated goals, namely determining the velocity model and generating a seismic
image. The concept of a seismic image is not precisely defined, but is related to a measure of reflection
strength (Stolt & Weglein, 2012), which provides a high-frequency view of the subsurface delineating geo-
logical discontinuities. These discontinuities, or reflectors, mark geological facies and time changes (Sheriff
& Geldart, 1995), making the seismic image a key element in interpreting subsurface geological structures.

Over the past decades, many seismic imaging algorithms have been developed, influenced by challenges
posed by geological complexity and computational costs. For instance, the use of ray theory (Cerveny, 2001)
to approximate waves accelerates numerical computations, but often fails to account for complex phenomena
such as wavefront triplications (Biondi, 2006), resulting in inaccurate images. To overcome this limitation,
wave-equation methods have been developed, exploiting the one-way approximation of the full wave equation.
In this framework, the wave equation is split into up- and down-going operators (Claerbout, 1985), and the
image is formed by crosscorrelating source and receiver wavefields according to the imaging principle, stating
that reflectors exist where these wavefields coincide in time (Claerbout, 1971). However, these methods are

limited by the maximum reflector dip they can image (Mulder & Plessix, 2004). Reverse time migration



(Baysal et al., 1983) is a two-way alternative technique to angle limitation and became a current practice in
industry with the advancement of computing power.

Imaging can be further classified into adjoint and inversion-based methods (Claerbout, 1992). The
adjoint, also known as migration, has the purpose to undo the modeling representing the seismic experiment
that generates the observed data (Berkhout, 2012). The accuracy of this approximation is degraded by
spatial aliasing, limited aperture, and nonuniform illumination due to complex overburden (Wang et al.,
2017). To mitigate these problems and enhance image resolution, Least Squares Migration methods have
been developed (Dai & Schuster, 2013; Nemeth et al., 1999; Valenciano et al., 2009). All adjoint and inverse
techniques rely on the Born approximation (Bleistein et al., 2001), which considers a linear relationship
between the image and the data, assumed to contain only single-scattered (primary) events. In inversion-
based approaches, the image is parameterized in terms of a perturbation representing rapid changes of a
physical property, such as velocity (Dai & Schuster, 2013), and the goal is to determine a perturbation model
that explains the observed data. All the acoustic wave-equation imaging methods produce an image that is
a scalar as a function of physical space, and assume that the input data are free of multiples and ghosts.
This assumption implies that the data have to undergo seismic preprocessing for multiple attenuation and
ghost removal before they are ready for imaging (Yilmaz, 2001). However, multiples provide additional
illumination and can contribute to imaging, instead of been considered as noise (Berkhout, 2014).

In Chapter 2, titled ”Seismic imaging by nonlinear inversion”, I propose a two-way acoustic imaging
method that can handle both single and multiple scattered events in the data. Instead of using the con-
ventional approach of linearizing the acoustic wave equation to restrict modeling to primaries only, to fit
seismic preprocessed data free of multiples and ghosts, I parameterize the forward acoustic wave equation
by a quantity that explains multiple scattering in order to fit unprocessed data resulting from single and
multiply scattered waves. This quantity is an image vector that is nonlinearly related to the data and better

represents the contrast of physical properties according to their directionality than scalar images.



CHAPTER 2
SEISMIC IMAGING BY NONLINEAR INVERSION

Paper submitted to Geophysics.

Werter Silval'2:34 Paul Sava?
2.1 Abstract

We introduce a nonlinear imaging method to address crosstalk artifacts caused by seismic multiples and
to compensate for uneven illumination and ghosts. Our method provides enhanced resolution and repre-
sents subsurface discontinuities by a vector quantity highlighting the structural orientation and wavefield
propagation direction. We emphasize the critical role of the adjoint wave equation in computing accurate
gradients of the imaging objective function and its ability to accelerate the convergence of numeric opti-
mization schemes. We demonstrate our method on synthetic examples and illustrate the key distinction
with conventional methods generating scalar images from primaries only. We also demonstrate the faster
convergence of the data misfit when using the correct adjoint wave equation relative to the time reversal of
the forward modeling operator. Additionally, we show that the sensitivity kernels of our nonlinear method

are effective in inversion without contaminating the image with low-wavenumber artifacts.
2.2 Introduction

Seismic imaging techniques have traditionally been based on the single-scatter assumption or first-order
Born approximation (Bleistein et al., 2001; Sava & Hill, 2009), which assumes that the data contain only
primary events (Claerbout, 1985; Yilmaz, 2001). Consequently, seismic data must be pre-processed before
they can be used with conventional seismic imaging algorithms. Preprocessing typically involves removing
surface and internal multiple reflections (Dutta et al., 2019; Verschuur et al., 1992; Weglein et al., 1997),
as well as ghosts (Soubaras, 2010). However, multiples provide additional illumination and resolution since
they sample the same subsurface image point from different angles (Lu et al., 2015), and therefore could aid
imaging, and thus should not be treated as noise (Berkhout, 2014).

The idea of incorporating multiple reflections into seismic imaging is not new. Berkhout & Verschuur
(1994) proposed migrating multiples by separating them from primary sources and treating them as secondary

sources at receiver positions. Similar approaches that depend on primary and multiple separation can be
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found in Whitmore et al. (2010) and Lu et al. (2015). Separation of primaries and multiples, however, relies
on the ability to distinguish them, which in many cases is a difficult task. Berkhout & Verschuur (2011);
Davydenko & Verschuur (2017); Lu et al. (2018a) propose inversion-based full-wavefield migration utilizing
one-way wave equation propagators. These approaches can handle multiples and address uneven illumination
that is observed in conventional migration and also increase resolution; however, they inherit the one-way
limitations in imaging steep dips due to the limited angle range involved in the approximation of the full
wavefield (Mulder & Plessix, 2004).

Two-way modeling and migration have become standard practice for addressing complex geological set-
tings. Reverse time migration (RTM) is a two-way imaging method that is not limited by steep dips (Baysal
et al., 1983). Least squares reverse time migration (LSRTM) provides additional improvement by compen-
sating for the uneven subsurface illumination caused by the acquisition footprint and geologic structure,
while enhancing the image resolution (Dai & Schuster, 2013). Nevertheless, these techniques presume a
linear relationship between the image and the data, disregarding multiply scattered waves.

To image primary and multiples within a single inversion framework, the forward modeling engine should
reflect the nonlinear dependence between image and data, or use cascaded Born modeling to account for
higher scattering orders at additional cost. Davydenko & Verschuur (2021) reformulate the acoustic wave
equation in terms of a system of first-order equations that relate particle velocity and pressure and introduce a
scattering term responsible for generating up- and down-going wavefields. Wu & Alkhalifah (2017) formulate
the scattering term as a perturbation of the slowness squared, similar to LSRTM. While in conventional
LSRTM it is assumed that a first-order perturbation in slowness squared implies a first-order perturbation in
the wavefield, Wu & Alkhalifah (2017) incorporate higher-order perturbation terms, preserving nonlinearity
and enabling multiple scattering. In both formulations (Davydenko & Verschuur, 2021; Wu & Alkhalifah,
2017), the perturbation that represents the seismic image is a scalar function.

Seismic imaging is associated with mapping physical property contrasts of the subsurface, which could
be described by spatial derivatives that have directionality. In a horizontally layered medium, for example,
the horizontal contrasts are zero, while the strongest contrasts are in the vertical direction. However, when
a model exhibits steep flanks, the vertical contrast of these features becomes relatively small compared to
the horizontal. As a result, a vector image provides more information about the contrasts in the subsurface
compared to a scalar counterpart.

Using the variable density acoustic wave equation, two modeling engines based on vector reflectivity have
recently been proposed. Whitmore et al. (2020) replace the density term in the acoustic wave equation by
its definition in terms of impedance, which after working out the vector-calculus identities leads to a term

containing the gradient of impedance, named vector reflectivity. McLeman et al. (2021) use the same calculus



identities, but applied directly to the density term, leading to a term containing the density gradient, which
is augmented by the velocity gradient to represent an approximation to the normal vector reflectivity. We
show that assuming a migration velocity without sharp contrasts, the first approach simplifies to the second.
These two approaches have been used in the context of FWI imaging (McLeman et al., 2021; Yang et al.,
2021), where the FWI framework is used to invert for velocity and image.

In this paper, we use the variable density acoustic wave equation inspired by these two vector formulations
to design a nonlinear imaging inversion problem, where the density gradient controls the multiple scattering,
while the migration velocity is assumed known and responsible for the wave propagation. We do not recover
density contrasts, but use a wave equation able to explain primary and multiple events observed in the data,
either coming from density or velocity contrasts, or their combination —a term we refer to as image vector.
We set up an inverse problem to recover this vector term, derive the gradient expression of the objective
function, and also the adjoint of forward modeling (Claerbout, 2014). We compare our approach to that of
Wu & Lu (2023) and show that we obtain a different adjoint operator that correctly satisfies the dot product.
We demonstrate our method on synthetic examples and compare the convergence of the data misfit when
using the incorrect time reversal of the forward modeling operator instead of the correct adjoint modeling

operator.
2.3 Theory

In this section, we formulate a nonlinear inverse problem aimed at determining the image vector parame-
ter. We investigate two distinct parameterizations of the variable-density acoustic wave equation in relation
to this parameter. One formulation includes a gradient term concerning velocity, while the other does not.
In both instances, the wavefield exhibits a nonlinear relation with the image, allowing the forward simulation
to predict not only primary waves but also multiple reflections of unlimited orders, and ghosts, even in the
absence of sharp velocity changes, as long as there are variations in the vector image. This characteristic
eliminates the need for preprocessing observed data for multiple and ghost attenuation; instead, we use them
in the imaging process. We derive two different acoustic wave equation parameterizations and show that
they are similar under the assumption of a smooth background velocity model. We also pose the nonlinear

imaging inverse problem, derive the objective function gradient and associated adjoint wave equation.
2.3.1 Wave Equation Parameterization

Beginning with the variable-density acoustic wave equation (Kosloff & Baysal, 1982),

1 0%u 1



where u(x,t) is the pressure depending on position x and time ¢, v(x) and p(x) are the spatially-variable
velocity and density, and s(x;,t) is the source term at source position x5, we can derive an equivalent form
of the wave equation in terms of impedance Z(x) from the definition Z = pv (Whitmore et al., 2020):

10%u Z v
oV (Zve) = 22)

Applying the vector calculus product rule for the second term on the left-hand side of equation 2.2, we obtain

1 0% Vo

——— — — . Vu+m-Vu—Vu=s. 2.3

v2 Ot2 v (23)
The third term in equation 2.3 involves the vectorial quantity m = %, which represents a relative

impedance contrast. It is equivalent to the vector reflectivity described in Whitmore et al. (2020), except for
one-half multiplicative factor applied to the relative impedance gradient %, that is canceled by the product
of the factor 2 by m. The wavefield u is linked to the model m in a nonlinear way, which can be inferred
from the fact that m multiplies Vu, while u is dependent on m. As a consequence, equation 2.3 can be used
to simulate not only primary events, but also refractions, internal and surface-related multiples even when
the velocity is smooth. This formulation contrasts with the Born approximation used in LSRTM, where the
wavefield is linearly related to the model parameter that represents the image and interacts with it only once
to generate primary events.

In the context of FWI, Yang et al. (2020) use equation 2.3 to generate the scattered wavefield necessary to
create the tomographic term (Schuster, 2017) without having to resort to the first-order Born approximation
(Yao et al., 2014). This sensitivity kernel is responsible for providing low-wavenumber velocity updates
along the reflection wavepath. However, because the migration sensitivity kernel is an order of magnitude
higher than the tomography kernel, updating the brackground velocity often involves a kernel separation
(Yao et al., 2020). As we focus on inversion for imaging, we do not perform kernel separation because the
high-wavenumber migration kernel dominates the inversion.

A simpler and more cost-effective formulation of the wave equation containing fewer terms can be derived

from equation 2.1 by expanding the term V - (%VU) to obtain
— =+~ . Vu—Vu—s=0, (2.4)
p

Density contrasts also generate reflections, but McLeman et al. (2021) evoke the approximation of the

normal incidence reflection (Shuey, 1985)

RO=0)~=2 1 2P (2.5)



and propose augmenting the equation 2.4 such that m represents the intercept-reflectivity in the equation

1 0%u

ﬁﬁ‘f’l’n'vu—qu—S:O. (2.6)

Instead of considering augmentation, we recognize that Equation 2.3 reduces to equation 2.4 when the
velocity does not have abrupt changes and the term % can be ignored. This is a reasonable simplification,
since imaging is mainly driven by the low-wavenumber components of the background velocity that affect
the kinematics of wave propagation (Wang et al., 2019). As a smooth velocity does not generate reflections,
necessary to fit the data in the inversion problem, the parameter m assumes the responsibility of explaining
the reflections. We refer to m as the image vector, without trying to relate to a specific medium property
contrast, which in the acoustic approximation can be density contrasts, velocity contrasts, or its combination
(impedance contrasts). The reasoning is similar to the LSRTM image definition, based on the separation
of scales, where the image is considered a high-wavenumber perturbation of the velocity that has the role
of scattering the wavefield and producing reflections, while the background velocity is responsible for prop-
agation effects (Dai & Schuster, 2013). In the nonlinear imaging method, the background velocity is also
assigned the role of propagating the wavefield, while the parameter m in equation 2.6 has the role of generat-
ing reflections. Because of the nonlinear relation between the wavefield u and the parameter m, equation 2.6
can model multiples and wave ghosts in addition to primaries. As a consequence, multiple reflections and
wave ghosts need not be removed in the nonlinear imaging formulation as is required by LSRTM and other

algorithms to satisfy the assumed linear dependence between data and image.
2.3.2 Inversion Setup and Gradient Derivation

To formulate seismic imaging as an inverse problem, we need two components. First, we need to formulate
an objective function using a mapping that links the model (i.e., the image) to the data. In this case, we
adopt the least squares mismatch between the observed and predicted data as the optimization criteria. The
connection between the model and the data is provided by the wave equation 2.4. Second, to minimize the
objective function using a local optimization method (Nocedal & Wright, 1999), we need to formulate an
efficient objective function gradient, using the adjoint state method (Plessix, 2006; Talagrand & Courtier,
1987). In the following, we formulate the inverse problem and derive the gradient using the adjoint state
method.

Mathematically, the nonlinear seismic imaging inverse problem can be stated as

T
1
argmin,, J(u(m)) = / §||Ru(m) —d||2 dt
0

1 8%u
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where J is a scalar objective function measuring the square misfit between the predicted Ru and observed
data d, T is the maximum recording time, R is a restriction operator that samples the wavefield v at the
receiver positions, |- |x is the £2 norm over the physical space described by variable x, with time integration
made explicit for convenience. We assume an implicit summation over shots and receivers. The wavefield u
is defined by wave equation 2.4, given in an implicit form described by function F.

Using the chain rule, the derivative of J with respect to the model parameter m, often referred to as

gradient, is

dJ 0J Ou
dm ~ J, (8u (‘3m> dt. (28)

In equation 2.8, the term gi corresponds to the derivative of the squared waveform misfit with respect to u,

which denotes the data difference. The Fréchet derivative aa L involves as many wave equation simulations as

there are grid points in the discretized model (Liberzon, 2011) which is computationally expensive. However,

the gradient of the objective function j‘] can be estimated efficiently using the adjoint state method, which

only requires two wave simulations: one running forward in time and the other running backward in time

(Plessix, 2006).

To avoid directly computing the costly term aa—::l, we can use the wave equation 2.7 defined implicitly by

F = 0. Since this equation is zero everywhere by definition, its total derivative d—fl is also zero (Bradley,

2019). Therefore, we have
dF O0F Ou OF

=0 2.9
dm ~ 9u Om t om om ’ (2.9)
from which we solve for 86—:1‘1 to obtain
ou OF\ ' oF
27— 2L == 2.10
Om ( ou ) Om (2.10)
The derlvatlve glves the wave equation operator
1 02 9
Sop tm V-V (2.11)
and the derivative of the wave equation with respect to the model parameter a—i is
oOF
— = Vu. 2.12
om = VU (2.12)

Replacing equation 2.10 in equation 2.8, we get

dJ T o7 OF\ ~ OF

— = — == dt . 2.13

dm /0 ou [ ( Ju ) Bml (2.13)
Equation 2.13 does not make an explicit reference to the Fréchet derivative %7 yet it appears to have

resulted in a more complex form that involves the inverse of the wave equation operator g—f. However,



instead of first solving the term in square brackets in equation 2.13, we shift the brackets to a term that is

easier to solve and label it AT, where

dJ T aJ (0F\ | oF
N

The term in brackets can be restated in the form of an adjoint wave equation

(%))

where the superscript T indicates the adjoint operation, (%ﬁ )T is the adjoint of the wave equation operator A

(Appendix A), — (%)T is the adjoint source labeled s, in the following, and A(x,t) is the adjoint wavefield.

The adjoint wave equation is

1 92\ 9
ﬁﬁ—V(m)\)—V )\—Sa, (216)
with
sa = —RT(Ru(m) — d), (2.17)

where R is the adjoint of the sampling operator R. Its role in equation 2.16 is to inject the data difference
at the receiver positions.

Replacing the adjoint wavefield A in equation 2.14, along with g—f) = Vu, we obtain the gradient expression

dJ T
— t 2.1
Im ; A'Vu dt (2.18)
or
d
ﬁ = /J(T))\*V’udT, (2.19)

where + represents a time crosscorrelation, sifted at zero-lag by the Dirac delta function 6(7) (Sava, 2014).

Equation 2.19 resembles the imaging condition defined in Claerbout (1971), also noted by Tarantola
(1984). An important distinction in this case is that instead of correlating two scalar wavefields, we correlate
the scalar adjoint wavefield \ with each component of the gradient of the forward wavefield Vu. This is
consistent with the fact that the reflectivity m is a vector, so its update must be driven by an object of the
same dimension.

In summary, to obtain the gradient of the objective function with respect to the parameter m, we solve
two wave equations, forward and adjoint, multiply the adjoint wavefield by the gradient of the forward
wavefield and integrate over time. The gradient expression can be used in any gradient-based optimization

routine, such as conjugate gradient descent or L-BFGS to iteratively update the model given an initial guess



(Nocedal & Wright, 1999).

To validate our method, we perform tests using numerical examples, as discussed in the following section.
2.4 Numerical Examples

We show three examples. First, we analyze the sensitivity kernel for a source-receiver pair. Second, we
demonstrate the method on a simple model containing two horizontal reflectors. Finally, we test the method

on the Marmousi model.
2.4.1 Sensitivity Kernel

In this section, we compute the sensitivity kernel (Yao et al., 2020) of the nonlinear imaging method and
compare it with that of LSRTM. We consider a 2D constant-velocity model v = 2.5 km/s, a reflector at
depth z = 1.6 km, and a pair source-receiver at positions £ = 1.0 km and = = 3.0 km, respectively, both at
depth z = 0.5 km.

The sensitivity kernel in Figure 2.1(a) only contains the migration component. It happens because the
adjoint operator B involved in the gradient computation of the least squares objective function does not
depend on the parameter representing the image m, considered a perturbation of the velocity model (Dai &
Schuster, 2013). The gradient is given by

dJ
— =B'A 2.2
I d, (2.20)

where Ad is the data difference between observed and predicted data. This data difference is backprojected
into the model space by B using a smooth velocity model, without creating backscattering events responsible
for generating the tomography term.

On the other hand, the operator in equation 2.11 and its adjoint have a nonlinear dependence on the image
vector parameter m, and generate the tomography and migration kernel in Figure 2.1, for a perturbation in
the form of a reflector at depth 1.6 km. Figure 2.1(b) denotes the horizontal component of the kernel, where
a phase change in the migration isochrone indicated by the blue arrow can be observed. This phase change
can be understood from the snapshots in Figure 2.2 at the particular time when the image point indicated
by the blue arrow forms. Note that the snapshot of w, changes polarity in the horizontal direction and
that u, changes polarity in the vertical direction, both relative to the source position. The phase change in
Figure 2.1(b) occurs at the same position in the snapshot of u, (Figure 2.2), directly below the source. As
the snapshot of the adjoint wavefield A does not show any phase change, the image formed by the product
between the snapshots of u, and A reflects the phase change observed in u,. Similarly, Figure 2.3 explains

the opposite phase highlighted by the white arrows in the tomography kernel shown in Figure 2.1(c).

10



Figure 2.1 (a) Sensitivity kernel for one source (red star) and one receiver (green triangle) for: (a)
LSRTM, (b) component x and (c) component z of the nonlinear imaging. The blue and white arrows
indicate phase changes in the migration and tomography kernels, respectively.
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Figure 2.2 The top row depicts snapshots of forward u and adjoint wavefield A at time t = 0.373 s. The
middle row shows the gradient components of w in the horizontal direction u, and in the vertical direction
u,. The bottom row shows image components formed at that particular time by multiplying u, by A and
u, by A. The white arrows highlight the formation of the left component of the tomography kernel in
Figure 2.1(b) and in Figure 2.1(c), having the same phase. The blue arrows point to the formation of the
migration kernel in these figures.
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Figure 2.3 The top row depicts snapshots of forward u and adjoint wavefield A at time ¢t = 0.932s. The
middle row shows the gradient components of u in the x direction u, and in the z direction u,. The
bottom row shows image components formed at that particular time by multiplying u, by A and u, by A.
The white arrows highlight the formation of the right component of the tomography kernel in Figure 2.1(b)
and in Figure 2.1(c), having opposite phase. The blue arrows point to the formation of the migration
kernel in these figures.
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2.4.2 Two Horizontal Reflectors

In this section, we compare the performance of nonlinear imaging with RTM and LSRTM using a 2D
model with two reflectors. The focus is on how these methods handle seismic data that contain both primary
and multiple reflections, in addition to ghosts.

We consider a 2D model with a grid spacing of 2 m in the x and z directions. The velocity in Fig-
ure 2.4(a) is constant and the density model has a high impedance layer embedded in a constant background
(Figure 2.4(b)). The product of these two forms the impedance, whose logarithm gradient V(InZ) produces
the horizontal and vertical reflectivity in Figure 2.4(c) and Figure 2.4(d), respectively. With this vector
reflectivity and a Ricker wavelet having its frequency peak of 30 Hz, we model 30 shot gathers with a free
surface boundary condition. The shots are evenly distributed on the surface at z = 10 m. The receivers are
placed at the same depth and spread across all grid points on the surface. Figure 2.5(a) shows an example
of a shot gather at position x = 0.6 km.

Using the modeled shot gathers as input, we perform the migration (first iteration) of linear (LSRTM)
and nonlinear imaging. The results are shown in Figure 2.5. For linear imaging, the direct arrival is muted
in the data prior to migration. We can see in Figure 2.5(b) that more than two reflectors appear in the
image, which is due to multiples getting back projected from the data to the model space, thus creating fake
reflectors. In addition to that, reflectors are not zero-phase, but present a phase distortion caused by the
ghost ”derivative” effect. Figure 2.5(c) and Figure 2.5(d) show the horizontal and vertical components of
nonlinear migration. The image of the horizontal component contains weak energy compared to the vertical
component, which is expected because the true model has nonzero values only in the vertical component.
The images also contain fake reflectors due to the multiples present in the data. The reflectors are now
zero-phase, but the significant side lobes are indicative of the ghost presence.

Figure 2.6 presents a comparison between linear (LSRTM) and nonlinear imaging results after 35 itera-
tions. In the case of LSRTM, the images show sharper reflectors and more uniformly distributed amplitudes
compared to migration due to wavelet deconvolution and balanced illumination. However, LSRTM still ex-
hibits the ghost effect and highlights multiple-induced reflectors. On the other hand, Figure 2.6(c) displays
the vertical component of nonlinear imaging, which successfully recovers the two reflectors while attenuating
spurious events and ghosts. The nonlinear modeling engine fits not only primary events, but also multiples.
An unintended consequence of striving to recover sharp contrasts from band-limited data is the emergence

of "ringing” (Lu et al., 2018b), masquerading as high-frequency ”thin reflectors” surrounding the main ones.
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Figure 2.5 (a) Simulated shot gather at shot position x = 600 m and z = 10 m, (b) first iteration of

LSRTM, which corresponds to migration, (¢) and (d) are the components x and z of the first iteration of
nonlinear imaging, respectively.
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Figure 2.6 (a) LSRTM image, (b) x and (c) z components of the nonlinear imaging, after 35 iterations.



2.4.3 Marmousi Model

To further evaluate the nonlinear imaging in comparison with linear methods (RTM and LSRTM) in a
complex setting, we experiment with the Marmousi model obtained from Operto (2023) and modified to
vertically extend the water layer vertically. Figures Figure 2.7(a) and Figure 2.7(b) show the velocity and
density models equally sampled at 4 m. The horizontal and vertical reflectivities in Figures Figure 2.8(a)
and Figure 2.8(b) are computed by taking the gradient of the logarithm of the impedance formed by mul-
tiplying the density and velocity models. We model 50 shots to the maximum recording time of 4 s using
equation 2.4, a Ricker wavelet with frequency peak at 20 Hz and the computed reflectivity (Figure 2.8) as
input. The shots are uniformly distributed at z = 10 m, and the receivers are placed at every grid point at
z = 10 m.

Figure 2.9 contains the result of the initial iteration (migration) of linear (LSRTM) and nonlinear imaging.
The initial guess is zero for the horizontal and vertical components of the vector image in the L-BFGS
optimization. We observe coherent events traversing actual reflectors, signifying crosstalk between events
that should not be cross-correlated (Lu et al., 2021). The phase distortion caused by the interference of
ghosts is also visible, and is best seen at the water bottom.

After 35 iterations, we obtain the images shown in Figure 2.10. The nonlinear imaging output provides
clearer images (Figure 2.10(b) and Figure 2.10(c)) compared to its initial iteration, significantly reducing
cross-talk noise in the horizontal and vertical components. In contrast, the LSRTM image in Figure 2.10(a)
exhibits increased noise, as it attempts to fit the data containing multiples and ghosts using a forward
modeling approach capable of simulating only primaries. In addition, the ghost effect becomes more evident in
the LSRTM image, while it attenuates in the nonlinear case, where reflectors are represented by a symmetric

pulse with reduced side lobes.
2.4.4 Misfit Convergence: Adjoint vs Time-reversal

We compare the convergence of the data misfit objective function in the Marmousi example for the

L-BFGS optimizer in two cases:

e The adjoint wavefield A in equation 2.19 is calculated from the correct adjoint wave equation 2.16.
e The wave equation operator in equation2.11 is assumed to be self-adjoint, and the following equation

instead is solved backward in time to obtain A:

1 0%\

v—zﬁ—l—m-VU—VQ)\:Sa. (221)
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Figure 2.7 (a) Marmousi velocity model, (b) density model and (c) smooth version of (a) used in
migrations (first iteration of inversion) and inversions.
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Figure 2.8 (a) Reflectivity component x and (b) reflectivity component z, obtained through % using the
velocity and density models in Figure 2.7(a) and Figure 2.7(b), respectively.
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Figure 2.9 (a) First iteration of LSRTM, which is equivalent to an RTM (Reverse Time Migration), (b) x
and (c) z components of the image vector obtained from the first iteration of the nonlinear imaging method.
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Figure 2.10 (a) LSRTM result after 35 iterations, (b) x and (¢) z components of the image vector after 35
iterations of the nonlinear imaging method.
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Figure 2.11 illustrates that employing time-reversal to calculate A requires 35% more iterations to achieve
the same misfit reduction compared to using the adjoint wave equation. We note that this speed-up is specific
to this model and wave equation parameterization. The impact of using the incorrect adjoint modeling
operator varies based on the disparity between time-reversal and the actual adjoint solution. Since gradient-
based optimizers rely on accurate gradients from the correct adjoint equation solution, it is essential to provide
precise estimations for optimal results. In this experiment, only the adjoint wave equation was incorrect.
Other operators crucial for the adjoint computation, like sampling R and injection R, use correct adjoint

pairs.

100_

—e— correct adjoint
\‘ —o— time-reversal

Normalized data misfit (log scale)

0 10 20 30
I[teration number

Figure 2.11 Comparison of the data misfit convergence for the nonlinear imaging method when the correct
adjoint or the time-reversal only is used to compute the adjoint wavefield A as part of the misfit gradient.
The misfit level of 5% is indicated by the dashed red line.

2.5 Discussions

The numerical examples presented highlight the ability of the nonlinear imaging method to mitigate
crosstalk arising in linear methods, specifically RTM and LSRTM when multiples are present in the data,
besides compensating for uneven illumination due to acquisition footprint and increase in resolution. The
crosstalk generated by linear methods manifests as noise in the image, underscoring the importance of
adopting a nonlinear approach to enhance imaging quality and minimize artifacts. In addition, expressing the

image as a vector facilitates a better representation of contrasts in the subsurface across distinct directions.
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We emphasize the importance of the adjoint of the forward modeling as it plays a crucial role in com-
puting the correct gradient necessary for gradient-based optimization methods. The paper illustrates that
in examples like the Marmousi model, employing the correct adjoint leads to faster convergence compared
to the time-reversal of the forward modeling.

The sensitivity kernel illustrated in Figure 2.1 for the nonlinear imaging includes low-wavenumber compo-
nents, but does not contaminate the final inversion images as observed in Figures Figure 2.6 and Figure 2.10.
The migration kernel has a higher amplitude compared to the tomographic kernel and dominates the inver-
sion, making kernel separation unnecessary.

In the numerical examples presented in this paper, the wavelet is assumed to be known, but in practical
applications, its accurate estimation influences the results. The waveform misfit objective function in Equa-
tion 2.7 is sensitive to differences in wavelet strength and phase mismatches caused by velocity errors, and is
no different from LSRTM in this regard. To enhance the inversion robustness, exploring alternative objective
functions becomes essential. For instance, Zhang et al. (2015) employ a zero-lag cross-correlation objective
function to alleviate strength differences between observed and predicted data in LSRTM. This objective
function can be interpreted as a cosine similarity measure (Xia et al., 2015), evaluating the parallelism of
observed and predicted data as vectors belonging to a multidimensional data space through the normalized
dot product. When both data vectors point in the same direction, the cosine of the formed angle is 1, while
the cosine for opposite directions is -1. The optimization goal is to maximize the cosine objective function.
However, this approach also assumes that the velocity model is known or optimized to match the data travel
times. In scenarios where small velocity errors are present, an alternative is to combine cosine similarity with
the use of dynamic warping to match the phase of the data before comparing the amplitudes, as suggested
by (Luo & Hale, 2014). This combined approach offers a potential solution to address phase discrepancies
caused by velocity errors and differences in wavelet strength, further enhancing the reliability of the inversion

process.
2.6 Conclusions

We formulate a nonlinear imaging method that proves to be a robust solution for overcoming crosstalk
inherent in linear methods like RTM and LSRTM if the data are contaminated with multiples. This nonlinear
approach not only mitigates such noise, but also addresses issues related to uneven illumination and ghosts,
resulting in improved imaging quality. Like conventional LSRTM, the nonlinear imaging method relies on
an accurate velocity model to match the data kinematics and avoid cycle skipping. Although we assume an
isotropic acoustic approximation, our method can include anisotropy, extend to elastic media, and account

for attenuation effects to match events observed in real data. Obtaining the adjoint wave equation as part
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of the gradient calculation accelerates convergence, which is especially relevant when using wave equations

encapsulating complex physical relationships.
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2.8 Appendix A: Adjoint Wave Equation Operator

The objective of this section is to derive the adjoint operator for the wave equations 2.3 and 2.4. The
latter is a specialized form of the former, obtained by excluding the velocity gradient term. Obtaining the
correct adjoint operator is crucial for accurately calculating the gradient of the objective function through
the adjoint state method.

Consider two wavefields u(x,t) and A(x,t) in the function space U of all possible wavefields and the linear

operator
102 Vo
A== 17 B VAR v 2 2.22
29 ” V4+m-V -V (2.22)
or
A= o SGIG+M'G - L
=202 2 &+ - (2.23)
where we use the linear operators
1
S = diag <>
v
G, =Vv
G-V (2.24)
M = diag(m)
L=V2.

The term diag(-) generates a diagonal matrix operator from the argument values. If the argument is a
vector, such as m, the diag() function generates a diagonal matrix for each vector component, resulting in
a columnar block matrix. These matrices are not explicitly formed but are implemented as linear operators
representing matrix operations (Claerbout, 2014).

The adjoint operator AT satisfies the following property for all vectors u and X in the function space U

(Strang, 2007):

(Au, Ny = (u, ATA )y, (2.25)
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where (-, -)ys represents the inner product in the space U and is defined as

T
(Au7)\)u:/ /Au)\dxdt7
0 Ja (2.26)

T
= / (Au, Ny dt
0
where T is the maximum time, € is the spatial domain of integration and (-, -)x with subscript x denotes
integration over space (Plessix, 2006).

The inner product is linear in the first argument (Axler, 2015), consequently we can write

1 32u 1 t
(Au, Ny = ( 555 — SG}Gu + M'Gu — Lu, A
v? Ot U 9 97
1 0%u ' (2:27)
= <v28t2’)\>u +(-SG|{Gu +M'Gu — Lu, \),,

With the goal of transferring the second-order derivative operator to the adjoint variable A, we follow

Plessix (2006) and integrate by parts in time the first term in equation 2.27
T 2 T 2
1 0%u 1 0%\ 1 ou(T)
——,\) dt= ———) dt — AT
[ (i) = [ (a5 75Am),
\ .

_ <1]12azgio),)\(o)>x - <U(T)a ;wa(tT)>x + <“(0)’ 1}1288&0)>x

Using the wavefield u as the solution of the forward wave equation, which has homogeneous initial

(2.28)

du(0)
t

conditions, u(0) = 0 and =5~ = 0, we eliminate the third and fifth term on the right-hand side of equation

2.28. As we are only interested in the values of A\(x,t) for 0 < ¢ < T, we can set the final conditions A(T') = 0

a)‘(tT) = 0 (Demanet, 2021), which means that when solving the adjoint wave equation it has to be

and 5

solved backward in time. With these final conditions, we further simplify 2.28 to:

T 2 T 2
1 0%u 1 0°)A
———,\) dt= ———) dt 2.29
/0 < Pt > /o <“ v o2t > 229
If we apply the adjoint definition in equation 2.25 to the second term on the right-hand side of equa-

tion 2.27, we obtain
(=SGIGu + M'Gu — Lu, \)yy = (u, (=SGIG + MTG — L) \)y, (2.30)

or, using the property that adjoint of a composition of operators is the same as taking the adjoint of each

operator separately and then composing them in the reverse order,
(—=SGIGu+ M'Gu — Lu, Ny = (u, —~GTG,STA + GTMM — LT\, . (2.31)

As demonstrated in Claerbout (2014) and Strang (2007), the Laplacian operator is self-adjoint L = Lf

and the adjoint of the gradient operator is the negative of the divergence operator D = V-, i.e., G = —D.
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Additionally, S = ST because it represents a diagonal operator. Thus, equation 2.31 simplifies to
(=SG!Gu+ M'Gu — Lu, \)yy = (u,DG,SA — DM\ — L))y (2.32)

Replacing the results of equations 2.29 and 2.32 in equation 2.27

1 92\
(Au, Ny = <u, —2% + DG, S\ - DM\ — L)\> = (u, AT)\>U , (2.33)
v u
leads to
19
A :ﬁ@—FDGUS—DM—L (2.34)
or
1 02 AV

Comparing the adjoint operator AT in equation 2.35 with the operator A in equation 2.22, we note that:
while in the second and third terms of 2.22 we have a dot product between vectors and gradient operators,
in 2.35 these terms have opposite signs and correspond to the divergence operator acting on vectors. When
acting on a wavefield, the adjoint operator runs 2.22 forward in time and the operator 2.35 runs backward
in time, as a consequence of the homogeneous terminal conditions imposed in equation 2.28. If v is smooth,
the second term on the right-hand side of equation 2.35 can be ignored and the resulting operator leads to

the adjoint wave equation 2.16.
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CHAPTER 3
CONCLUSIONS

In this thesis, I propose an isotropic nonlinear acoustic imaging method that takes into consideration
ghosts and multiples in addition to the primaries present in the input data. The inverse problem, param-
eterized by a vector quantity representing the image, has the objective to minimize the mismatch between
observed and predicted data. I test the method using numerical examples and compare the resulting images
with those obtained by conventional techniques based on the Born approximation to underscore the ability of
my nonlinear approach to handle multiply scattered events. I derive the gradient of the formulated objective
function, and the adjoint of the wave equation operator it depends on, and compare the convergence of
the data misfit objective function relative to approximate adjoints obtained by simple time-reversal of the
forward wave equation. The numerical comparison illustrates the effectiveness of correct adjoint operator to
achieve faster convergence.

Future work could extend this method to elastic and anisotropic media. Although the acoustic approx-
imation of the Earth has proven successful in various applications, such as locating oil and gas reservoirs,
identifying and mapping hydrological and geothermal sources and others, the Earth’s medium is character-
ized by more complex physics. As the demand for more information increases, a more realistic description of
wave phenomena is necessary. However, these additional complexities require higher computational cost. For
example, the elastic approach requires finer sampling to accommodate the lower S-wave wavelength resulting
from smaller velocities. Moreover, the correct adjoint is key to avoiding further cost increases due to slow
convergence.

To compute the gradient of the objective function, I utilize all seismic shot gathers in the data, implying
that the gradient is proportional to the number of shots. An alternative approach may use a subset of
randomly sampled shots to alleviate computational load, a technique known as Stochastic Gradient Descent
(Bishop & Nasrabadi, 2006), commonly used in machine learning for high-dimensional optimization problems
to reduce the costs. However, this approximation requires a detailed investigation of the number of shots
needed in the subset, and the statistical distribution used to sample the shots space. Future work could
also explore shots selection guided by a criterion that minimizes angular differences between their respective
gradients, to reduce information redundancy and improve convergence while reducing cost (van Herwaarden

et al., 2020).
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Another opportunity for future work is to formulate and solve the nonlinear seismic imaging inverse

problem in the image domain, minimizing the objective function

1
J = §HHm_mmigH27 (31)

where m,,,;, is the migrated image obtained by applying the adjoint of the modeling operator AT to the data
d

m,,;, = ATd. (3.2)

The operator AT A represents image blurring and the migrated image m,,;, is a blurred version of the image

m we seek to recover by solving
m=H "m,,;, = [ATA] 'm,,, . (3.3)

Equation 3.3 suggests that the image m can be obtained by applying the inverse of the operator H, in a
process called migration deconvolution (Hu et al., 2001), which brings computational advantages compared
to the formulation in the data domain (Yu & Schuster, 2003).

Equation 3.1 assumes that the operator H is linear, but it can be adapted to the nonlinear case by
assuming H = ATA, where A is the wave equation operator given by equation 2.11, which depends on m.

The blurring operator depends on m, H = H(m), and thus equation 3.1 becomes
1 2
J = 5 IEI(m) — i 2 (3.9

Minimizing 3.4 using a gradient based optimization method involves updating not only the image m at each
iteration, but also the operator H, since it depends on m. I do not expect savings in computation compared
to implementation in the data domain to be as significant as in the linear case, where the operator H is kept
constant through the iterations. In the linear case, only one modeling and one migration are performed to
build H, after which, the optimization is performed in the image domain only. In the nonlinear situation, it
is worth investigating if solving the problem directly in the image domain offers computational benefits. This
could help avoid expensive line searches (Nocedal & Wright, 1999) in the data domain where the objective
function needs repeated evaluations through the solution of the wave equation. In addition, it is important
to assess potential improvements in quality or stability of the solution when changing to the model domain
approach.

The nonlinear inverse imaging problem formulated in this thesis does not incorporate regularization,
although regularization provides additional information to choose a single solution from infinitely many
that also match the data (Oldenburg & Li, 2005). In Figure 2.6(c), the recovered image shows ”ringing”

artifacts surrounding the reflectors that are not present in the true reflectivity (Figure 2.4(d)), which have the
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potential to be misinterpreted as thin layering. As the observed data do not fully constrain the solution due
to its limited frequency bandwidth and aperture, the part of the solution that does not affect the data (null
space) is filled with such spurious information. To mitigate this problem, complementary information should
be provided, e.g., by augmenting the objective function with a term that penalizes unwanted characteristics
in the solution. The regularization penalty is controlled by a regularization parameter that balances the
data objective function (misfit) and the model objective function. These terms of the objective function,
have different units (data versus reflectivity), such that picking a regularization parameter that provides the
right balance is not straightforward. Some techniques such as the L-curve and generalized cross-validation
methods serve this purpose (Oldenburg & Li, 2005). However, it implies solving an already costly inverse
problem multiple times for a range of regularization parameter values to choose one according to certain
criteria. In addition, a decision has to be made on the interval of regularization parameters to explore. For
example, in the L-curve method, the chosen interval might not include the searched "knee” of the L-curve.
Future research could also explore this discussion on what regularization to use in the nonlinear inverse
problem and how to determine its amount in a cost-effective way.

While my focus is on seismic imaging, the nonlinear imaging method can also be applied to other fields,
such as ultrasound imaging. In ultrasound, the existence of reverberations creates artifacts that mimic false
body structures in the image. Considering these reverberations during the imaging process can not only
prevent such artifacts, but also enhance the representation of the actual structure. This application has the

potential to reduce uncertainties in medical diagnoses.
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