Imaging Beyond Diffusion
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A ballistic pulse launched in a strongly scattering random medium becomes diffusive after
a few mean-free times. In this regime of diffusive propagation there is a net flux of energy
away from the source. Eventually the flux goes to zero, in the equipartitioned regime, in which
the signal consists of equal amounts of energy propagating in all directions. In this regime
the two-point, two-time correlation of the wavefield is equal to the sum of the advanced and
retarded Green functions associated with the average medium. We observe the emergence of
the Green function from this correlation at about 9 mean-free times in a highly heterogeneous
rock sample. This result suggests the possibility of doing deterministic imaging in a random

medium using the speckle.

Imaging in media with strong scattering, such as rocks,
can be difficult because coherent signals (e.g., directly
arriving waves) are strongly attenuated by the scatter-
ing [1]. Theoretically it is possible to obtain imaging
information from averages (over the randomness of the
medium) of the correlation of the diffuse field [2]. In prac-
tice, however, it can be difficult to separate the diffuse
field from the ambient noise of the experiment and the co-
herent signal. The complicated nature of rock structure
makes this particularly difficult since—although we be-
lieve the scattering structure of the rock to be random—
we have no control over the distribution of the scatterers
nor do we know the true strength or position of each
scatterer.

In 1950 Wiesner and Lee [3] showed that the Green
function (GF) of any linear system can be obtained
by driving the system with random noise and cross-
correlating the noise input with the output. For helio-
seismology, Rickett and Claerbout [4] and Duval et al. [5]
have used this to image the sun. More recently, Lobkis
and Weaver [2] showed how the GF can be retrieved from
the correlations of an equipartitioned (EP) field using a
modal expansion. A similar result can be obtained using
perturbative field theory (e.g., [6, ch 7]; [7, ch 5]). Weaver
and Lobkis used this idea [2, 8] to compute the elastic GF
associated with an ultrasound experiment using thermal
noise, and Campillo and Paul [9] used it to extract the
GF from seismic data. Here we apply this approach in
a laboratory experiment using a coarse-grained rock as a
random medium in which the strong multiple scattering
generates the necessary EP field.

Imagine an ultrasonic pulse launched from the origin in
the z-direction of an infinite random medium. Assume
that intrinsic attenuation is weak relative to scattering
so that the whole range of multiple-scattering behavior

can be seen before the signal is extinguished. Define a
scan region S some distance from the origin in which
one measures the elastic wavefield ¢ (r,t). Before the
source energy has reached the scan region, the elastic in-
tensity in S, [, |¥|%d3r, is equal to some background or
ambient level. Once the source pulse enters S, the inten-
sity shoots up and then begins to decay once the pulse
has left S. We refer to this spike in intensity (associ-
ated with non-scattered energy) as the ballistic regime.
After several mean-free times, the intensity begins to de-
cay diffusively with time, as multiple scattering slows the
transport of energy out of the scan region. This is the
diffusion regime. Later, after many mean-free times, the
flux of energy out of S falls to zero, but the energy av-
eraged over S is still above the background level. This
is the equipartitioning regime since the wavefield has no
preferred wavenumber. (Note, the EP among the normal
modes of the sample is different than the EP among the
wave modes (P and S) in seismic data [10].) Eventually,
intrinsic attenuation dominates and the energy falls to
the background level.

In the Physical Acoustics Laboratory at CSM we study
ultrasonic wave propagation in heterogeneous media such
as rocks and engineered composites. See [11] for an
overview of our laboratory setup. The results shown
here come from an experiment performed on a 135 x
54 mm cylinder of coarse grained-Llano granite. In [11]
we showed that the mean-free time in this experiment
(averaged over all wave modes) in this type of rock is
about 2.9 us and that the intensity averaged over this
scan region is well fit by a diffusion model after a few
mean-free times. (The dominant frequency is about 1
MHz.)

We collected data at 5 locations ranging from 5 mm
to 25 mm from the source position; the source-detector
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FIG. 1: Experimental setup, 5 detectors starting 5 mm from
the source with 5 mm spacing.
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FIG. 2: Typical data for this experiment. The main Figure
shows the full signal, the lower inset shows the first arrivals
and the upper inset shows a portion of the multiply scattered
signal used in this experiment.

configuration is shown in Figure 1. To generate the nec-
essary ensemble of measurements, we placed the sample
on a rotational stage and collected data every 5°, on nine
lines separated vertically by about 3 mm. Figure 2 shows
an example of the data collected.

When energy is traveling diffusively in a medium, a net
energy flux exists in the direction of propagation. Once
the field is EP there is no net energy transport and so
the energy flux is zero. Thus, we can characterize the
EP regime as the time between when the flux decays to
zero and that when the signal has relaxed to the ambient
noise level. To illustrate this, we computed the total in-
tensity of the wave field, which has contributions from all
wave modes. The intensity plot is dominated by surface
waves because body waves are more rapidly attenuated
than surface waves and because we record the vertical
component of particle velocity at the surface [12].

This averaged intensity is shown in the top plot of Fig-
ure 3; the horizontal line in this Figure represents the
background noise level. (We normalized the intensity to
its average in the last 1000 points of the experiment. In
the bottom plot of Figure 3 we show the (1D) spatial
gradient of the intensity shown in the top plot, normal-
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FIG. 3: Separation of the diffusion regime and the EP regime.
The top plot shows the intensity at the furthest detector lo-
cation; when this plot decays to the background noise level
(horizontal line) the signal has relaxed to the ambient noise
level. The lower plot shows the spatial gradient of the inten-
sity, measured between the furthest two detectors. When this
curve has decayed to zero there is no net energy flux, indi-
cating that the field is EP. The dotted curve visible on the
left-hand side of the bottom plot is 2R/ Dt which in our case
is approximately 1/t as 2R/D =~ 1. (R is the distance from
the source to detector, in this case 22.5 mm.)

ized by the total intensity. In this figure, the gradient is
zero at approximately 15 ps while the signal has not re-
laxed to the noise level until later than 100 us. The large
spike in intensity (and its gradient) at about 75 us is from
laser-generated sound traveling through the air from the
source to the detector. Taking this into account, at this
source-detector offset we expect to see that the wavefield
is EP between 15 and 60 us.

Using data from the same experiment, we extracted es-
timates of the GF for a (Rayleigh) wave traveling 5 mm
in the average medium and determined which portions
of the measured field are diffuse. In laboratory ultrason-
ics, the transition from ballistic to diffuse propagation
depends on the scattering strength of the sample [13].
Constructing the GF through correlations of the field not
only gives us the GF but can also illuminate this transi-
tion through the symmetry of the correlation of the field.

At early times, the majority of the energy is propagat-
ing away from the source. Once the field is EP, equal
amounts of energy propagate in all directions [10]. Thus,
the observed correlation of the field will be symmetric
about zero time when the field is EP and asymmetric
when the propagation is ballistic or diffusive. In Fig-
ure 4 the correlation of the field becomes symmetric after
about 25 us, indicating the onset of EP.

We will show that the value R/ct gives a dimensionless
measure of how ‘late’ the time window is. The quantity
R is the source/detector distance (here the distance to
the point halfway between the two detector positions is
used). The velocity, ¢ is the energy transport velocity,
which should be a weighted average of the P and S ve-
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FIG. 4: As the field becomes diffuse, the GF retrieved from
the cross-correlation becomes symmetric. The two detectors
furthest from the source are used in the calculations shown
here. Each plot shows results for a different 300-point (30 ps)
window of the recorded data set. The time used in (a) (be-
ginning at 5 ps, R/ct = 0.40) is too early, thus the field is
asymmetric. Between the times in (b) (beginning at 12.5 us,
R/ct = 0.29) and (c) (beginning at 25 us, R/ct = 0.20),
the field becomes diffuse. The vertical lines indicate the ex-
pected arrival time of the surface wave, based on independent
surface-wave velocity estimates.

locities, with the larger contribution coming from the S
waves as they will dominate at late times [14, 15]; here we
approximate this velocity with the Rayleigh wave veloc-
ity (2.8 mm/us), which should be close to the S velocity.
Finally, ¢ is the center time of the window used in the
computations.

Thus far, we have shown that we can extract the GF
using the cross-correlation of the signals recorded at two
detectors and that this GF becomes symmetric at later
time. Now, we briefly discuss the underlying theory of
the EP of waves in disordered media. We consider the
simplest case: waves with no dispersion, no absorption,
no polarization and propagating diffusively in an infinite
medium, and one source with flat power spectrum over
some bandwidth. We write u(r, t) for the ‘displacement’,

which obeys the scalar wave equation

w?

—u(r,w) + Au(r,w) = source (r,w). 1

() + Au(r,) (c0). ()
Transport theory makes the following statement for its
auto-correlation function at two different frequencies, w+
1, and at two different wave numbers, k + 1q, [16],
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Here, AG(w, k) = G(w + 1€, k) — G(w — i€, k) is the dif-
ference between the retarded and the advanced GF of
the displacement of the host medium, ¢ is the mean free
path, and S(w) is the power spectrum of the source, as-
sumed point-like. The formula above expresses three im-
portant features. The first factor states that macroscopic
transport, described by the parameters €2 and q, obeys a
diffusion equation with diffusion constant D = %cﬁ and
source S{w)d(r). The microphysics is contained in the
second factor AG: —iwAG(w,k), known as the spec-
tral function of the medium [16], and counts the num-
ber of microscopic states available at frequency w and
wavenumber k. For g = 0 we conclude that the energy
spectrum of the diffuse waves is the product of the power
spectrum of the source and the spectral function. As are-
sult, at given frequency, the different possible modes are
EP. Finally, the (k-q) term indicates that a macroscopic
diffuse gradient, expressed by q, can locally destroy this
microscopic EP.

We can now easily translate back to space-time. Let
us denote by C(x, 7) the velocity autocorrelation function
(Bpu(r + 3x,t + 37)8u(r — 3x,t — 37)) as measured in
this paper. We find from (2),

C(x,7) :/%:— e
(3)

with p,(r,t) the diffuse displacement energy at time ¢
and at distance r from the source. If we assume that both
the source power function and the scattering properties
hardly vary over the chosen bandwidth, then the above
expression simplifies to

C(x,7) = [07 + £ 8x - O] p(r, 1) [G(x,T) — G(x, —'r)(] :
4

This formula relates the velocity auto-correlation to the
(bandlimited) GF G of the displacement. The time-
derivative generates a time-symmetric contribution - rec-
ognized as the velocity GF - expressing the perfect EP
field; the spatial derivative gives an antisymmetric con-
tribution, proportional to the spatial gradient of the
intensity. By insertion of the typical diffuse solution
p ~ exp(—R?/4Dt) we can check that the relative im-
portance of the causal (7 > 0) to the anti-causal term
(r <0) is of order (1+3R/2ct)/(1 — 3R/2ct) at the coda
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time ¢. This analysis shows that the correlation function
is very asymmetric at early times but that the asymmetry
should slowly fade away with time.

We expect (4) to generalize to more difficult situations.
One aspect that is important for this work is the ex-
change between surface Rayleigh waves and body waves.
Propagating only near the surface, the former might have
a diffusion constant that is significantly different from
the latter. Body waves dominate phase space and will
thus determine the collective diffusion constant. For any
surface measurement, Rayleigh waves can nevertheless
dominate [12, 17]. We have repeated the analysis above
for the mode-diffusion model discussed in [17]. We have
found that asymmetry of the correlation function for the
Rayleigh wave is given by (1 + 36R/2ct)/(1 — 30R/2ct)
that now contains an extra factor § = Dg/D describing
the ratio of the diffusion constant of the Rayleigh waves
and the collective diffusion constant. If § > 1 the asym-
metry between causal and anti-causal part is larger than
we would have expected from standard diffusion theory.
We note that this method could provide an estimate for
the diffusion constant Dy that is usually not measured.

In Figure 4(b), the ratio of the causal to anti-causal
peak is 1/0.32 = 3.13. In this Figure, R/ct (in 3D this
will be 3R/ct) ranges from 0.19 to 0.62. This gives values
for § between 0.81 and 2.71. A ¢ of around unity is thus
not impossible. In Figure 4(c), the ratio of causal to
anti-causal peaks is approximately 1. Using a d of 1, we
compute the estimated ratio to be between 1.34 and 1.95,
which is not impossible considering the noise level of the
experiment.

We expect the energy from directly traveling waves to
arrive at early times. We can exploit this fact to increase
the number of ensemble measurements used to construct
the GF [19]. This results in the GFs shown in Figure 5.
In this Figure we also see the linear change in arrival time
with source-detector separation.

In Figure 3, it would appear that the signal has de-
cayed to the ambient noise level of the measuring system
shortly after the airwave passes, at about 100 us. Some
of the GFs in Figure 5 use much later times, however.
This indicates that either we are too conservative in our
noise level estimate or that the noise itself is EP, allowing
us to extract the GF directly from the noise. We have
independently measured the @ of the sample to be about
80, indicating that we are indeed in the noise, but this
result requires further study.

We have also measured the ensemble averaged GF di-
rectly since we have collected data at distances of 5 to
25 mm from the source. In Figure 6 we compare this
directly measured GF with the GF retrieved from the
correlation of the EP field for an offset of 15 mm. What
is most notable is the lower frequency content of the re-
covered GF. This could be because the higher frequencies
are more sensitive to intrinsic absorption or because the
higher frequencies scatter more frequently and thus take

longer to return to the detector than do lower frequency
components.

It is only the phase that plays a role in extracting the
GF through correlations of the total field. (See [18] for
an explanation.) To test this, we resampled our 14-bit
data to single bit precision. Comparing the results to
the 14-bit case (14-bit in Figure 5(c) and single bit in
Figure 7) we see that the two GFs are indeed similar.

In conclusion, we have retrieved the ensemble averaged
Green function for ultrasonic waves traveling between
two detectors in a strongly scattering medium by ex-
ploiting the multiple-scattering. This opens up the pos-
sibility of doing deterministic imaging with the multiple-
scattering speckle, data that are typically not recorded at
all, or discarded as noise. Through the observed symme-
try of the retrieved GF, we are able to determine whether
or not the field itself is EP. We have also shown that the
results hold when single bit data are used in place of
higher precision measurements.
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FIG. 5: GFs for different offsets. (a) Offset 5 mm, three time windows each 30 us in length, R/ct = 0.1. (b) Offset 10 mm,
three windows, from 30— 60 ps, 120 — 150 us, 190 — 220 us, R/ct = 0.06. (c)Offset 15 mm, three windows starting at 80 us each
of length 30 us with R/ct = 0.13 (d) Offset 20 mm, three windows starting at 157.5 us each of length 30 us, with R/ct = 0.03.
So that each window represents an independent member of the ensemble, a 5 us gap is left between consecutive windows.
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FIG. 6: We also directly measured the GF in the medium.
The GF retrieved from the diffuse field agrees kinematically
with the measured GF although the frequency content is dif-
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FIG. 7: GF using only 1-bit data. The main difference seems
to be in the frequency content; the single bit GF has higher
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frequency oscillations than does the 14-bit.




[15] R. L. Weaver, J. Acoust. Soc. Am. 71 (1982).

[16] A. Lagendijk and B. van Tiggelen, Phys. Rep 270
(1996).

[17] N. Trégourés and B. van Tiggelen, Phys. Rev. E. 66,
36601 (2002).

[18] A. Derode, A. Tourin, and M. Fink, Journal of Ap-
plied Physics 85, 6343 (1999).

[19] Any length n segment of the data in the EP field
but before domination by ambient noise, gives the
GF for the 2n + 1 time points centered at time zero.

Since we are mainly interested in the directly arriv-
ing Rayleigh wave, we require only a small window
of the GF around zero time. Thus, we can use several
of these windows to increase the number of averages
in our ensemble, improving the approximation of the
GF. To correct for the exponential decay of the wave-
field with time, we have normalized the Green func-
tion computed in each window before adding them
together.




