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ABSTRACT. Seismic data are commonly modeled by a high-frequency single scattering
approximation. In this paper we use methods from microlocal analysis and the theory
of Fourier integral operators, to study continuation of the seismic wavefield in this single
scattering approximation. This amounts to a linearization in the medium coefficient about a
smooth background. The discontinuities are contained in the medium perturbation. We use
the smooth background to derive the continuation as the composition of imaging, modeling
and restriction operators.

1. INTRODUCTION

In reflection seismology one places point sources and point receivers on the Earth’s
surface. The source generates acoustic waves in the subsurface, that are reflected where the
medium properties vary discontinuously. The recorded reflections that can be observed in
the data are used to reconstruct these discontinuities. In principle, the recordings are taken
on an acquisition manifold, made up of all source and receiver positions and a time interval.
In practice, however, subsets in the acquisition manifold are not covered by recordings. In
this paper, we discuss conditions when, and how, data can be continued from an acquisition
submanifold to the complete acquisition manifold.

The data are commonly modeled by a high-frequency single scattering approximation.
This amounts to a linearization in the medium coefficient about a smooth background. The
discontinuities are contained in the medium perturbation [2]. Thus a linear operator, the
modeling operator, depending on the background, that maps the perturbation to the data
is obtained. The smooth background (C*) is associated with a computational medium
rather than a physical one, the distributional (£’) perturbation accounts for geological tran-
sitions and the medium’s singularities across interfaces and faults. We will consider seis-
mic wavefield continuation in the single scattering approximation and will use an image of
the distributional perturbation as an intermediary. We will require some knowledge of the
medium properties, viz. the smooth background, but not their discontinuities.

The framework of Fourier integral operators (FIOs) and their composition through the
clean intersection calculus [10, 18, 31] yield the tools to carry out the following processes:
seismic modeling (FIO), acquisition (restriction FIO), imaging (adjoint FIO), resolution
(normal operator, the sum of a pseudodifferential operator and a nonlocal FIO)) and inver-
sion [28].
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DMS-9810361. He also thanks Christiaan Stolk for helpful discussions, and Gunther Uhlmann for providing
a very stimulating environment during the Inverse Problems program in Fall 2001.
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The wavefront set of the data is, under the so-called Bolker conditions [13], a coisotropic
submanifold of the acquisition cotangent bundle. It reveals a structure, viz. one of char-
acteristic strips. Restricting in the imaging FIO the seismic data to a common coordinate
value on these strips, yields a generalized Radon transform (GRT [2, 7, 8]) that maps the
reflection data into a seismic image. (Under certain conditions the GRT is an FIO [27].)
Collecting these seismic images from the points on the characteristic strips corresponding
to available data results in the set of so-called common-image-point gathers (CIGs). In the
presence of caustics, a filter needs to be designed and applied prior to extracting from each
of the CIGs in the set, a trace to form a model image of the singular component of the
medium [6, 29].

From this image, we model seismic data that correspond to a different coordinate value
on the characteristic strips. The result of this procedure is a composition of FIOs yield-
ing seismic wavefield continuation, be it in the single scattering approximation. Relevant
examples of seismic wavefield continuation are the ‘transformation to zero offset’ (TZO
[14]) and the ‘transformation to common (prescribed) azimuth’ (TCA [3]). The distribu-
tion kernel of TZO is called dip moveout (DMO); the distribution kernel of TCA is called
azimuth moveout (AMO).

In practice, DMO/AMO is applied to data sets using a constant coefficient model. This is
done because, on the one hand, the traditional transforms were derived in constant media,
and on the other hand, to make the algorithms which apply DMO/AMO to data simpler and
more efficient. Here, we develop a framework for DMO/AMO in heterogeneous, smoothly
varying, models allowing the formation caustics. We can thus assess the error in applying
DMO/AMO in a simplified model if the ‘true’ model were to have (strong) variations. (In
fact, by composition, the error generating operator can be obtained.)

We mention some of the applications of DMO/AMO: (i) DMO/AMO effectively corre-
sponds to ‘partial stacking’ of seismic data; such stacking generates reduced data sets viz.
on acquisition (zero-offset, common-azimuth) submanifolds. It is important to note that
rather than obtaining a reduced dataset from restricting the complete dataset, DMO/AMO
will enhance the signal-to-noise ratio by using all available data in the reduction. Under
certain conditions that we will address in this paper, the reduced data set produces an im-
age consistent with the complete data set. The advantage of using reduced data sets is
computational efficiency. (ii) DMO can be employed as a tool for ‘velocity analysis’, i.e.
estimating the smooth background. (iii) AMO can be employed to carry out approximate
(based on a linearized scattering model) seismic data ‘regularization’.

The basic idea of investigating the composition of imaging and modeling operators dates
back in particular to the work of Goldin [12].

2. HIGH-FREQUENCY BORN MODELING AND IMAGING

We consider the scalar wave equation for acoustic waves in a constant density medium
in R™. We introduce coordinates z € R™. The scalar acoustic wave equation is given by

2 n
(1) Pu=f, P=c(x)_2% +> DI,
j=1

where D, = —i-a%. The equation is considered in a time interval |0, T7.
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If ¢ € C* the solution operator of (1) propagates singularities along bicharacteristics.
These are the solutions of a Hamilton system with Hamiltonian given by the principal
symbol of P,

P(z,&,7) = —c(z)7*r* + ||€]|*.
The Hamilton system is given by
@) oz,t)  OP  O(T) __oP
ox A1) N Bz, t)
Its solutions will be parameterized by initial position (), take-off direction (o € S*~1),
frequency (7) and time (),

x = x(zg,,T,t)
and similarly for £, §; 7 is invariant along the Hamilton flow. The evolution parameter ) is
the time ¢.
By Duhamel’s principle, a causal solution operator for the inhomogeneous equation (1)
is given by

t
3) u(z,t) = / /G(x,t — to, Zo) f(xo, to) dzodto,
0
where G defines a Fourier integral operator (FIO) with canonical relation that is essentially
a union of bicharacteristics,
A =CLUC_, Cy = {(x(x0, @, 7, £t),t, &(T0, 0, T, £), FT ; T, — F(7/c(20)) ) }.
¢ =04 + = {(z(zo ), &(zo ) 0 (1/c(z0))c)}

o
Let
(xr,20,€5,7) with JTUJ={1,...,n}, N:=|J|+1,
8

denote coordinates on C. A function .S will locally describe C,. according to

0 0
ry = —£S s t = _6_7-3 N
“4) 5 5
EI = 8_:1:18 ) 50 = —3_:1:05 )
and generates the non-degenerate phase function
(5) ¢+($, Zo, ta £J) T) = S(ﬁC], Zo, é.’) T) + <§J) $_]) + 7t.

With the canonical relation A is thus associated the (non-degenerate) phase function ¢
defined by ¢ = ¢_ if 7 > 0, ¢ = ¢, if 7 < 0. The kernel of mentioned FIO can then be
written as a sum of oscillatory integral (OI) contributions

(6) G(z,t,x9) = Z/ a®)(z,t, o, 0) expligp? (z, zo, t, 6)] 6,
i ]RN(i)

where the a{*) are suitable symbols, see [10, chapter 5].
We adopt the linearized scattering approximation. The linearization is in the coefficient ¢
around a smooth background ¢y, ¢ = ¢y +éc. The perturbation éc may contain singularities.
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We assume that its support is contained in X C R™. The perturbation in G at (s, r, ) with
s,m € X and t €]0, T'[ is given by (cf. (3))

t
@) 0G(r,t,s) = / / G(r,t — to, zo) 2c53(x0)(50(x0)830G(x0, to, s) dtgdzy.
xJo

The singular part of 4G is obtained by substituting (6) into (7). This defines the data
modeling map

F = Fleg] : éc — RIG,
where R is the restriction to the acquisition manifold Y > (s,r,t) with Y = O, x

O,x]0, T[ subject to O,,0, C 8X open. Throughout the paper s, denote source and
receiver position, respectively.

FIGURE 1. Source-receiver bicharacteristics.

Assumption 1. [no direct rays, no grazing rays] There are no rays from s to r with travel
time t such that (s,r,t) € Y. For all ray pairs connecting r via some x € X to s with total
time t such that (s,r,t) € Y, the rays intersect O, x O, transversally at r and s.

Theorem 2.1. [25] With Assumption 1 the map F is a Fourier integral operator D'(X)
— D'(Y') of order (n — 1) /4 with canonical relation

T(zo0,a,8)
AF = {(s(IOa IB)’ 'f'(.’L'(), a),rT,(an a) + T(IO) ﬁi’ O'(SC(), ﬂ)) p(on, Ol), T
8) zo, — (7/¢(m0)) (2 + B)) | (0,2, B) € K, 7 € R\0O} C T*Y\0 x T*X\0,

£(@o,08,7)
where K C R™ x {(a, 3) € S" ! x S"~! | a + B # 0}. Here,
g’(xO) a,T, T(xO) a)z € OT ) a($0a ﬂ, T, T(:Uo, IB)Z € Os:

'

=:r(z0,0) ==8E;0,ﬁ)
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which expresses that the time T is locally solved from the equation describing the intersec-
tion of the rays with the acquisition manifold, while

(9) p(.’E(), a) = (I — Iy ® n'l‘)s(xO’ a, T, T(xO’ a))
where ny is the unit normal to O, at (o, ). A similar expression holds for o(zo, ().

The parametrization of A is illustrated in Figure 1. The cotangent vectors o, p can be
identified with acquisition ‘slopes’ ps, p,, in accordance with o (2o, 8) = —7ps(z0, 3) and
p(zo, @) = —7p, (o, ).

Assumption 1 is microlocal. One can identify the conic set of points (s, 7,t,0,p,7) €
T*Y'\0 where this assumption is violated. If the symbol ¢ = (s,,t, 0, p, T) vanishes
on a neighborhood of this set, then the composition ¥ F' of the pseudodifferential cutoff
Y =9Y(s,1,t, Dy, D,, D;) with F is a Fourier integral operator as in the theorem.

We assume also that 1) vanishes outside Y. To image the singularities of dc from the
singularities in the data we consider the adjoint F™*v, which is a Fourier integral operator
also.

Assumption 2. [13] The projection of the canonical relation (8) on T*Y\0 is an embed-
ding.

This assumption is also known as the Bolker condition.

Ap
™ ’)7 \\iry embedding

X o7r)71

FIGURE 2. Canonical relation and characteristic strips [28]. (Their
parametrization is illustrated in Figure 1.)

Since (8) is a canonical relation that projects submersively on the subsurface variables
(z,&), the projection of (8) on T*Y'\0 is immersive [18, Lemma 25.3.6 and (25.3.4)].
Therefore only the injectivity in the assumption needs to be verified [21]. In fact, it is
precisely the injectivity condition that has been assumed in what seismologists call ‘map
migration’; see [19] for a recent summary. See Figure 2.

The following theorem describes the reconstruction of dc modulo a pseudodifferen-
tial operator with principal symbol that is nonzero at (z,£) whenever there is a point
(s,7m,t,0,p,7;2,&) in the canonical relation (8) with (s,r,t, 0, p,7) in the support of )
(i.e. whenever there is illumination).
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Theorem 2.2, With Assumption 2 the operator F*F is pseudodifferential of order n — 1.
We denote F*y)F by N.

For the purpose of wavefield continuation within the acquisition manifold Y, we pa-
rametrize Ar with acquisition coordinates s, r rather than B, . To describe the kernel of
operator F’ as an Ol on a neighborhood of the point on Ap parametrized by (zo, 0, B, 7),
the minimum number of phase variables is given by the corank of the projection

Dr : TA - T(Y x X)

at (2o, o, B, 7), which is here given by

corank D7 = 1 + corank g—;(zo, B) + corank a—r(zo, Q).

Oa
This corank is > 1 when s or r is in a caustic point relative to z,. Let
(10) = = Ar\{closed neighborhood of {\ € A | corank Dx > 1}} .

Al can be described by phase functions of the ‘traveltime’ form 7 (¢ — T™) with only
phase variable 7 and where T(™ is the value of the time variable in (8). The index m labels
the branches of the multi-valued traveltime function. Thus the set {T™},enr describes
the canonical relation (8) except for a neighborhood of the subset of the canonical relation
where mentioned projection is degenerate. Each 7™ can be viewed as a function defined
on a subset D™ of X x O, x O,. We define F™ to be a contribution to F with phase
function given by 7(¢t — T™)(z, s, 1)), and symbol A™) in a suitable class such that on the
subset Al of the canonical relation F is given microlocally by 3, _,, F(™.

3. GENERALIZED RADON TRANSFORM

We can use (z,€) € T*X\0 as local coordinates on the canonical relation (8) (cf. [17,
Prop. C.3.3]). In addition, we need to parameterize the subsets (these are characteristic
strips) of the canonical relation given by (z, £) = constant; we denote such parameters by
e. The canonical relation (8) was parameterized by (z, o, 3,7). We relate (x,€,e) by a
coordinate transformation to (z, , 3, 7): A suitable choice when a # £ is the scattering
angles given by [8]

_ —a+ ,3 n—2
(11 e(z,0,03) = (arccos(a B), 2sin(arccos(a-,8)/2)) €]0, w[xS™ 2.
On D™ there is a map (z,a,8) + (z,5,7). We define e™ = e™(z, s,7) as the

composition of e with the inverse of this map.

In preparation of the generalized Radon transform (GRT) we define the ‘angle’ trans-
form, L, via a restriction in F* of the mapping €™ to a prescribed value e, i.e. the
distribution kernel of each contribution (™" is multiplied by 6(e — €™ (z, s, 7)) (which
is justified by [16, Thm. 8.2.10]). Invoking the Fourier representation of this &, the kernel
of L follows as
(12)

L(z,e 1, s,t) = Z(27r)"("_1)/A(m)(a:,s,r, 7) expli®™ (z, e, 5,7, t, €, 7)) drde,

meM
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where 4™ is a symbol for the m-th contribution to F, supported on D™, and
PP
™ (z,e,s,7,t,6,7) = (T (z,5,7) — t) + (e, e — ™ (z,s,7)).

In these expressions, ¢ is the cotangent vector corresponding to e, as in [28].

Let ¢ = ¢(Ds, D, D;) be a pseudodifferential cutoff such that 1 (c, p, 7) = O on a
closed conic neighborhood of T = 0 ((a, p) # (0,0)). Then [27] v L is a Fourier integral
operator with canonical relation

(13) AL = UmGM{(x: e(m) (IE, S, 7"), €(m)($, ST, T, 5)1 &
s, T, T(m) (z,s,71), a'(m)(x, 8,7, T, E), p(m) (x,8,7,7,€),7) |
(z,5,7) € D™, e € R™, 7 € R\0} C T*(X x E)\0 x T*Y\0,

where
(14) §(m)(x, 8,7, T,€) = 8, ®™ = 'ramT(m)(:z:, s,7) — (g, a,e™ (z,s,7)),

and likewise expressions for o™ and p(™) from 8,8 and 8,&™),
With the choice (11) for e, the following assumption is implied. However, for other
choices of e it needs to be verified.

Assumption 3. Consider the mapping
E: Ap 2T XNOXE, Mz, 0,8,7) = (2,6, ) , with = —(7/c(z)) (o + B)

and e given by (11). Composing this mapping with the inverse of mentioned map (z, a, §) —
(z, s,7), yields per branch m a mapping =™ from (x, s, r,T) to an element of T*X \OXE.
=) is locally diffeomorphic, i.e.

(&, elm)
o(s,r,7)

rank is maximal, at given x and branch m.

e=0

Let d be the Born modeled data in accordance with Theorem 2.1. To reveal any artifacts
generated by L, i.e. singularities in Ld at positions not corresponding to an element of
WEF(dc), we consider the composition L F'. With Assumptions 2 and 3 this composition
is equal to the sum of a smooth e-family of pseudodifferential operators and, in general, a
non-microlocal operator the wavefront set of which contains no elements with £ = 0 [27,
Thm. 6.1]. This non-microlocal operator will be a concern in the development of single
reflection wavefield continuation: The origin of contributions from € # 0 is illustrated in
Figure 3. A filter needs to be applied [6, 29] removing contributions from le] > g0 > 0:
We define the GRT Ly as the FIO, D'(Y) — D'(X x E), with canonical relation U;, to be
a neighborhood of A, N {e =0} in Ay C T*(X x E)\0 x T*Y'\0.
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FIGURE 3. The origin of artifacts generated by the GRT. (Inside the 7*Y"\0
box of Figure 2.)

The artifacts in the compose of canonical relations of L with F' can be evaluated through
solving the system of equations

(15) r = r(z,a),

(16) s = s(z,p),

17 T™(z,5,7) = T(z,a)+T(z,B),
(18) p™ (z,s,71,7,6) = —1pr(z, @),

(19) o™ (z,s,r,1,€) = —7ps(z, B).

(The frequency is preserved.) Equations (15)-(17) imply that the image point z must lie
on the isochrone determined by (z, s, 7). Equations (18)-(19) enforce a match of slopes
(apparent in the appropriate ‘slant stacks’) in the measurement process:

(20) —TB,T(m)(z,s,r)+(E,Ore(m)(z,s,r)) = —7pr(z, ),
20 —TasT(m)(z,s,r)-i-(e,ase(m)(z,s,r)) = —7ps(z, B).

For ¢ # 0 the take-off angles of the pairs of rays at (r,s) may be distinct. Equations
(20)-(21) imply the matrix compatibility relation (upon eliminating /1)

[a,,e“") (z,8,7)] oo (z, @) — 8,T™ (2, s, 7))
(22) = [0,e™)(z, s, ) ps(z, B) — 8,T™ (2, s,7)].

Those summarize the geometrical composition equations determining the artifacts: For
each (z, o, B) € K solve the (3n — 2) equations (15)-(17), (22) for the (3n — 2) unknowns
(2, 8, 7). (From (20) we then obtain £/7 hence ¢.)

The GRT reconstructs a distribution in £'(X’) smoothly indexed by e € E. We can
trivially extend the domain of modeling operator F' from £'(X) to £'(X x E), its action
being simply independent of e € E. Hence we can remodel, or what seismologists call
‘de-migrate’, the image Ld of data d.
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4. MODELING RESTRICTED TO AN ACQUISITION SUBMANIFOLD

Single reflection seismic wavefield continuation aims at generating from reflection data
through the canonical relation (8) associated with 7*X\0 x F; in which E; is an (n — 1)-
dimensional open neighborhood of e say, reflection data associated with T*X\0 x E, in
which E, D E;. Such continuation, within the acquisition manifold Y, is accomplished
through the composition of Fourier integrals operators generating an intermediate image
of dc. In the previous section, we analyzed a Fourier integral operator, the GRT, that
generates dc from data on T*X'\0 x E;. In this section we consider, once data are modeled
from dc as in Theorem 2.1, the restriction to an acquisition submanifold parametrized by
(z,¢, e) through the canonical relation (8), such that e € E,. In the sections following this
section, the restriction, modeling and GRT imaging operators will be composed to yield
the continuation. In this composition, the coefficient function ¢ is used, but, naturally, dc
does not appear. The continuation is illustrated in Figure 4.

FIGURE 4. Continuation and characteristic strips. (Inside the 7*Y"\0 box
of Figure 2.)

A further restriction of acquisition manifold Y to a submanifold Y°¢ = £¢x]0, T[, with
%¢ % O, x O, representing an embedded manifold of codimension ¢ > 0, yields the
following extension of Assumption 1. Let (v, ..., ¥5,_,_.) denote a local coordinate sys-
tem on 3° and (Y1, -, ¥sn_2_0» Yom—1-c: - - - » Yom_o) denote a local coordinate system on
Os x Oy such that ¢ is given by (y4, _,_.,...,¥5._5) = (0,...,0) locally. (The coordi-
nates on Y are completed by identifying y,,_; with ¢:

/ ! ' n
(&1) <o >y2n—2—9 yzn_1_c, sy yzn_ga Yon-1)- )

yl yll t

Assumption 4. The projection
AF - OS X OT\ZC bl (y,’ y”’ t’ 7’,’ Tl”) T; x’ 6) - y”
has full rank. In other words

3yll
oz, a,B3,7)

has maximal rank.
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Applying [10, Thm. 4.2.2] to the pair F' and the restriction R from O, x O, — ¢ with
Assumption 4 implies that R°F is an FIO of order (n + ¢ — 1) /4 with canonical relation

%‘ = {(y,a t’ 77/; T, Z, 5) l = (y,) y”, T]’, T]”) such that
y" =0and (y,m;z,£) € A}
23) C T*Y*\0 x T*X\0.

We will encounter two examples: Zero offset (ZO), where ¢ = n — 1 and %€ := Yo C
diag(0X) (subject to the n — 1 constraints r = s when arccos(ca - 3) = 0 and e, at =
follows from (11)), and common azimuth (CA), where ¢ = 1 and £¢ := 4 subject to one
constraint typically of the form that the (n — 1)st coordinate in r — s is set to zero, while
E, > e at z follows from the mapping e(™. We set Y, = $ox]0, T and Y, = £, x]0, T|.
The restriction to acquisition submanifolds is put into the context of inversion in [24].

5. EXPLODING REFLECTOR MODELING

In this section we introduce a procedure to model zero-offset (ZO) data: data with coin-
ciding sources and receivers. To ensure that the zero-offset experiment can be modeled by
an FIO we invoke Assumption 4 with X := %,. We denote its canonical relation by A,.

For the zero-offset reduction to be ‘image preserving’, i.e. for the associated normal
operator to be pseudodifferential, we mention

Assumption 5. The projection

Yy - Ao — T*}/Q\O
is an embedding.
(In fact, Assumption 4 with ¥ = 3, implies that 7y, is an immersion.) This assump-
tion is most easily verified by checking whether an element (yo, 7o) in T*Y5\0 uniquely
determines an element (xg,& = 0,,Tp) in T* X' \0 smoothly; here, Ty is the zero-offset

traveltime. (In fact, Assumption 5 implies that the projection 7y, is a diffeomorphism,
which coincides with Beylkin’s condition [2].)

Remark 5.1. Assumptions 4 and 5 precisely allow the introduction of so-called map
migration-demigration between the wavefront set of zero-offset data and the wavefront
set of the singular medium perturbation.

In the absence of Assumption 5 we introduce the notion of the exploding reflector (ER)
model in the following

Lemma 5.2. Let @y be the phase function given by 2S(z, o, £y, 7) + 2(65, z J)+ 7t
(cf. (5)). Let Agr be the symbol given by [a(z, t, 2o, &, T))? (cf. (6)). Agr and ®gg gener-
ate an oscillatory integral and define an FIO, G, : £'(X) — D'(X x]0, T|),

0Go(z,t,x0) = Z/X w0 Agl),t(x, t, 7o, 0)(—72) exp[iégl)i(x, To, t,6)]
2063(£E0)(SC(1‘0) ded.’L'o

Its canonical relation, Ao g, is a scaled version of A obtained by replacing ¢ in Hamilton
system (2) by zco.
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Proof. ®gR follows from the nondegenerate phase function ¢ associated with G upon re-
placing ¢, by éco, and is hence nondegenerate as well. The source f in (3), (6) is replaced
by 2¢;3(xo)dc(xo). O

Let R, denote the restriction of X x]0, T to O,x]0, T[. Let z = (z/, ") denote local
coordinates on X such that O, is defined by z” = 0.

Assumption 6. The intersection of Ao gr with the manifold Y, = O, x]0, T is transversal.
In other words

8 l./l

———  has maximal rank.
0 (IBO, Q, T o)

Corollary 5.3. Subject to Assumption 6, the restriction Fy = R,0Gy is a local FIO, Fy =
Foleo] : E'(X) — D'(Ys), of order (n — 1)/2. Its canonical relation is given by

To(zo,a0)
——
Ap = {(2(x0, a), 2T (x0, ), (0, o), To;
(24) To, — 2 (7/c(x0)) o) | (z0, at0) € Ko, 70 € R\0} € T*Y,\0 x T*X\0,

€o(20,00,70)
where Ky C R™ x S™ 1, In the notation of (8),
2(zo, a0) = 7(z0, a0) , {(Z0, o) = 2p(o, o) -
Proof. Let Ag, denote the canonical relation of R,
Ar, ={(z',t,&,7; (¢, 2", ¢),(€,€", 7)) € T*Yp\0 x T*(Xx]0,T)\0 | " = 0}.

With Assumption 6 it follows that the intersection of Ax, X Aggr with
T*Y,\0 x diag(T*(X x]0, T[)\0) x T*X\0 is transversal. Now apply [10, Thm. 4.2.2] to
the pair dG, and the restriction R,. O

Note that canonical relation Ag is related to canonical relation Ay, by fixing the value
of e in the latter in accordance with § = a (cf. (1 1)). Thus, in the framework of the ER
model, the inverse problem is formally determined.

Remark 5.4. Subjecting the configuration to Assumption 5, the exploding reflector mod-
eling, Fo, is up to leading order singularities equivalent to restricting the multiple-offset
modeling to zero offset, RydG, where R, is the restriction of X x X x]0, T'[ to Yy. Other-
wise, the exploding reflector models only part of the zero-offset data.

6. TRANSFORMATION TO ZERO OFFSET: DIP MOVEOUT

In applications, the data at zero offset is usually missing: The receivers cannot be placed
on top of sources. Hence, as a first example, we analyze the continuation of multiple finite-
offset seismic data to zero-offset seismic data. Dip MoveOut is the process following upon
composing ER modeling with Ly, the imaging GRT for a neighborhood of a given value
of e (conventionally for given value of offset r — 8); the sing supp of the Lagrangian-
distribution kernel of the resulting operator is what seismologists call the DMO ‘impulse
response’. The compose, FyL, is a well-defined operator D'(Y) — D'(Y,). Its wavefront
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set is contained in the composition of the wavefront sets of Fy and L [10, Thm. 1.3.7],
hence in the composition of canonical relations,

Ago AL = {(2,t0,¢,70;8,7,¢,0,p,7) | 3 (,£,€) such that
(Z, to, ¢, To; T, 5) € Ag and (:v, e, &, e 8,1t 0p, T) € AL}
25) C T*Y,\0 x T*Y\0 .

with A7 = {(z,&;s,7,¢,0,p,7) | 3 € such that (z,e,&,€;8,1,t,0,p,7) € AL}. Whether
the compose is an FIO is yet to be investigated.

Using the parametrization of Ag in (24) and the parametrization of A ¢ in (13), the com-
pose (25) can be evaluated through solving a system of equations, the first n being trivial
fixing the scattering point zy = , the second n equalling the cotangent vectors

(26) 2790, T (29, ) = 70, T™ (zo, s,7) — (e, d,el™ (%o, 8,7)) .
60@0@) E(m@s,r,r,e)

Given x,, these constitute n equations with the n unknowns (ap,70). Thus for each
(s,r,7,€) we need to solve these equations.

Note that, given e = e(™(zo, s, 7), we can obtain 7 from s (cf. (11)). Thus we can
parametrize the composition A o A by (zo, s, 7, €). We can interpret the computation of
the composition as follows: (i) Given (zo, s) we compute 7 and then T™); (ii) then, given
(7, ) we compute 0 = o™ and p = p™; (iii) we solve (26) for (ag, T0); (iv) with these
initial values, we solve the Hamiltonian flow (with (2) in the exploding reflector model)
up to its intersection with the acquisition manifold Yy, from which we deduce ¢, and z, as
well as (.

Theorem 6.1. With Assumptions 2 and 3 the composition Fy Ly yields a smooth family of
FIOs parametrized by e. The compose is called Dip MoveOut. Its canonical relation is
given by (25)

AD = AE o UL = {(Z, tO)CaTO; ST, t: a, p, T)}

parameterized by (x9, s, T,€), where (s,1,t, 0, p) are given in (13) subject to the substitu-
tion x = x and r is obtained from s through e™ = e which mapping is defined below
(11), and (z,ty,() are given in Corollary 5.3 in which (a0, To) are obtained by solving
(26).

Proof. First we extend the operator Fj to act on distributions in &'(X x E) by assuming
that the action does not depend on e € E. The calculus of FIOs gives sufficient conditions
that the composition of two FIOs, here Fy and Ly, is again a FIO. The essential condition
is that the composition of canonical relations is transversal, i.e. that Ap x U, and T*Y,\ 0 x
diag(T*(X x E)\0) x T*Y'\0 intersect transversally. We have

AE UL

(27) 7 N ./ N
T*Yo\0 T*X\0(xE) T*Y'\0

where the inner two projections are submersions.
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In a neighborhood of a point in Ay given by (13), A, can be parametrized as in A
Using this parametrization one finds that the composition of Ag and A, is transversal if
and only if the matrix

0

8(3, T, &g, T,E, 7-0) (

60("1:0’ Qo, TO) - €(m) (1130, 57T, E) )

has maximal rank (cf. (26)). This follows, for example, just from the &, contribution to this
matrix. However, it follows also from the £™ contribution: Parametrizing Ay, by (z, &, €)
and restricting A, to Uy, further to £ = 0, results in a parametrization in terms of (z,€)
(with the artifacts filtered out). Then & ™) reduces to ¢ and it follows that the composition
of Ap and Uy is transversal if and only if

rank 8(§,+0,T0) ( &o(xo, o, 0) — € ) is maximal.

This is indeed the case. O

Remark 6.2. The Normal MoveOut is the relation obtained by the intersection

and defines a special case of the time function ¢, which is denoted by t,. Such relation
accounts for éc with WF(dc) C X x {¢ [ ¢/|¢]l = (0,...,0,1)} only.

Using all the data (when available), integration over the (n — 1) dimensional e removes
the artifacts under the Bolker condition, Assumption 2: We obtain the transformation to
zero offset (TZO)

Corollary 6.3. Let (N~') denote the regularized inverse of the normal operator in The-
orem 2.2. With Assumptions 1, 2 and 4 (with £¢ = %), the composition Fo(N-1)F* =
J deFo(N=")L is an FIO, D'(Y) — D'(Y,). With Assumption 5 the reduced dataset is

image preserving.
The proof follows the proof of Theorem 2.2 closely (see [28, Thm. 4.5]).

Remark 6.4. The adjoint (FyLy)* is by Theorem 6.1 also an FIO. This operator is called
‘inverse’ DMO.

7. CONTINUATION, TRANSFORMATION TO COMMON AZIMUTH

Continuation. We analyze the ‘continuation’ of multiple finite-offset seismic data.

The compose F'L is a well-defined operator D'(Y) — D'(Y). Its wavefront set is
contained in the composition of the wavefront sets of F' and L [10, Thm. 1.3.7], hence in
the composition of canonical relations,

Ap o AL = {(s2,72,t2, 02, p2,72; 81,71, t1, 01, p1,71) | 3 (z, €, €) such that

(32, T2, t2) 02, P2, T2; T, €) € AF and (IE, €, é.) €581, T1, tl) 01, P1, 7-l) € AL}
(28) C T*Y\0 x T*Y\0.

Whether the compose is an FIO is yet to be investigated.
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Using the parametrizations of A in (8) and A in ( 13), the compose (28) can be eval-
uated through solving a system of equations, the first n being trivial fixing the scattering
point zo = , the second n equalling the cotangent vectors

(29) 720, T (2o, at, ,3)1 = IIOZT(m) (z,s,7) — (€, Ope™ (z,s,7)).

7

{(.'z:,a,ﬂ,‘rz) f(m) (I,S,T,Tl )E)

Given e(r,a,0) = e (n — 1 constraints) these constitute n equations with the 2n — 1
unknowns (, 3, 72). (On D™ the constraints on e can be invoked on s, 7 instead, viz. via
the inverse of the map (z, , 8) — (z, s, ) as before.)

Lemma 7.1. With Assumptions 2 and 3 the composition F'Ly yields a smooth family of
FIOs parametrized by e. Their canonical relations are given by

Ac=Aro UL = {(s2,79,1t,, 02, P2, T2; $1,T1, 11,01, p1,71) }

parameterized by (z¢, o, s1, 71, €), where upon substituting x = xq and once r, is obtained
from s, through the value e of €™ (which mapping is defined below (11)), (1,71, t1, 01, p1)
are given in (13), and, given (a,€), (sq,79, ta, 09, p2) are given in Theorem 2.1 in which
(B, 72) are obtained by solving (29).

Proof. First we extend the operator F' to act on distributions in E'(X x F) by assuming
that the action does not depend on e € E. The calculus of FIOs gives sufficient conditions
that the composition of two FIOs, here F and Ly, is again an FIO. The essential condition
is that the composition of canonical relations is transversal, i.e. that £L = Ar x Uy and
M =T"Y\0 x diag(T*(X x E)\0) x T*Y'\0 intersect transversally. We have

Ap UL

(30) / N / N\
T*Y\0 T*X\0 (xE) T*Y'\0

where the inner two projections are submersions.

On the other hand, in a neighborhood of a point in Ap given by (13), Ar can be
parametrized as in A%. Using this parametrization one finds that the composition of Ap
and Ay is transversal if and only if the matrix

0
_ g(m)
A(s,r,, B, Ta,€,71) ( €(z,a,8,m) — €z, s, 1, €) )

has maximal rank (cf. (29)). This follows, for example, just from the £ contribution in
view of the submersivity of the projection 7x : Ap — T*X \0. However, it follows also
from the €™ contribution: Parametrizing Ay by (z, &, €) and restricting Ay, to U, further
toe = 0, results in a parametrization in terms of (z, £) (with the artifacts filtered out). Then
¢™ becomes € and it follows that the composition of Ay and U; is transversal if and only
if 9
rank ol ( &(z,a,B,7) € ) is maximal.

This is indeed the case. O

Subjecting the operator F' in the composition to the constraint that e (cf. (11)) attains a
prescribed value, the parameter « in the lemma will be eliminated.
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Remark 7.2. Following seismological convention, we have used the terminology wave-
field continuation. In fact, this is continuation in the context of continuation theorems
also. We consider the continuation of the wavefield in the acquisition manifold from
T*X\0 x E; to T*X\0 x E,. This continuation is unique in the sense that FLyd = 0
implies F*F Lyd = 0 and, since F*F' = N is strictly elliptic and pseudodifferential, then
Lyd = 0 so that the image of dc vanishes. In the single scattering approximation this
implies that d = Fdc = 0, all modulo smoothing contributions.

Remark 7.3. The subject of data regularization is the transformation of measured reflec-
tion data, sampled in accordance with the actual acquisition, to data associated with a regu-
lar sampling of the acquisition manifold Y. In our approach the operator R°F [ de(N 1)L
replaces the forward interpolation operator in the usual regularization procedures.

Transformation to common azimuth: Azimuth MoveOut. Azimuth MoveOut is the
process following composing R, restricting Y to Y, with modeling operator F' with the
imaging GRT Ly centered at a given value of e (conventionally for given value of offset
T — s); the sing supp of the Lagrangian-distribution kernel of the resulting operator is
what seismologists call the AMO ‘impulse response’. The composition F' Ly has been
addressed in Lemma 7.1. The general restriction has been addressed in Section 4. Here we
combine these results in the following

Theorem 7.4. With Assumptions 2, 3 and 4 withY ¢ = Y}, the composition RL F' Ly yields
a smooth family of FIOs parametrized by e. The resulting operator is called the Azimuth
MoveOut.

The following Bolker-like condition ensures that the restriction to common azimuth is
‘image preserving’. Let A4 denote the canonical relation of RY F" in accordance with the
analysis of Section 4,

Assumption 7. The projection
Ty, - A A T*YA\O
is an embedding.

This assumption is most easily verified whether an element in 7*Y,4\0 uniquely deter-
mines an element in 7* X'\ 0 smoothly given the medium c.

Using ‘all’ the data (when available), integration over the (n — 1) dimensional e removes
the artifacts under the Bolker condition, Assumption 2: We obtain the transformation to
common azimuth (TCA)

Corollary 7.5. Let (N~') denote the regularized inverse of the normal operator in Theo-
rem 2.2. With Assumptions 1, 2 and 4 (with 5° = $4), the composition R4 F(N~ 1) F* =
[deRLYF(N-YL is an FIO, D'(Y) — D'(Y,). With Assumption 7 the reduced dataset is
image preserving.

The proof follows the proof of Theorem 2.2 closely (see [28, Thm. 4.5]).
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8. EXAMPLES

We give a seismologists’ perspective on Dip and Azimuth MoveOut. We illustrate their
perspective in the constant coefficient cg case. This is the common case where the associ-
ated transformations are applied. In this paper, however, we have established the method-
ology to honor the heterogeneity in the subsurface.

The smooth background coefficient function ¢, is called the (seismic) velocity model
and characterises the speed at which waves travel through the medium. Invoking Cartesian
coordinates, the acquisition manifold is obtained by setting the nth coordinate of s and r
to zero. Then O, and O, are open subsets of a plane hypersurface. In seismology, the
midpoint in this hypersurface is defined as y = %(s + ) and the offset is defined as h =
5(r — s). In some sense, the midpoint is associated with the direction of £ while the offset
is a particular choice for e. Here, we assume that ¢y is constant. We will illustrate both
DMO and AMO, i.e. the singular supports of their respective kernels. In this section, we
will highlight the transition from a parametrization including (y, h, t) to a parametrization
including (s, e, t) where e relates to the scattering angles.

Dip MoveQOut. The dip in Dip MoveOut refers to the direction of the cotangent vector &
in the canonical relations for modeling or imaging. Here, we illustrate DMO for n = 2.
For the history of DMO, see [1, 4, 9, 14, 20, 22, 23, 26]. The relevant phase functions and
canonical relations are derived in Appendix A, where also a parametric representation of
the impulse response is given.

We first illustrate the (transversal) composition of the canonical relations in a way fa-
miliar to seismologists. To this end, we view a canonical relation in X : For each (y, k) (or,
equivalently, (s, 7)) in the canonical relation Ar, an isochron is then obtained by fixing the
time t. We, however, can also view isochrons for each (s, e) instead, where e is given by
(11).

The composition of canonical relations that determines the DMO canonical relation,
implies the ‘matching’ in (z, ) of exploding reflector (F},) isochrons with modeling (F7)
isochrons. Figure 5 illustrates this composition in the (y, h, t) parametrization; the finite-
offset imaging operator maps data at (y, h, t) to the associated finite-offset isochron (white
ellipse), indicated by the two arrows pointing towards the scattering point z. The exploding
reflector modeling operator maps the image of the medium perturbation from the zero-
offset isochron (white dashed circle) to the acquisition manifold, indicated by an arrow
pointing away from the scattering point.

The analogous construction in the (s, e, t) parametrization is shown in Figure 6. Note
that the shape of the finite e ‘isochron’ differs from the one of the finite 4 isochron, but that
the shapes of exploding reflector model isochrons are the same.

Figure 7 shows the ‘isochron’ in the (s, e, t) parametrization for different values of e. All
isochrons, except the exploding reflector one, have two points in common. One of these is
the point at which the source ray travels for one time sample less than the full (fixed) time
before the ray is scattered and returns to the acquisition surface.

The impulse response of the DMO operator is the zero-offset traveltime ¢, and the dis-
tance do from the source (s) to the exploding reflector source/receiver position (z) both as
a function of the direction (6;) of the ray at the source (related to ¢); all other parameters
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FIGURE 5. Constant velocity medium (cg = 1.7 km/s) the solid curve is the
finite offset isochron, the dashed curve the zero-offset isochron, the black
lines are the rays and the dot shows the location of the scattering point,
which is the same as that marked by a dot in Figure 6.
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FIGURE 6. Notation for the derivation of the constant medium impulse
response. Black lines are rays, the dashed white curve is the zero-offset
isochron, the solid white curve is the e ‘isochron’ and the black dot is the
location of the scattering point for the rays shown in Figure 5.

are fixed. In Figure 8 we plot these functions parameterically against one another. They
are derived in Appendix A.

Azimuth MoveOut. The azimuth in Azimuth MoveOut [3] is the polar angle associated

with the two-dimensional offset (n = 3) in the acquisition manifold. As the key parameter,
we will employ the azimuthal angle in e rather than azimuth in A.

17
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FIGURE 7. Constant velocity medium (¢y = 1.7 km/s) the lines are the
locations of the scattering points. Each line represents a different scattering
angle, the circular line is e = 0, and the other lines are at increments of 0.1
radians from 0.1 radians (leftmost line) to 2.6 radians (shallowest line). All
other parameters are the same as Figure 6.
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FIGURE 8. Constant velocity medium DMO impulse response, scattering
angle 0.7 radians, ¢y = 1.7km/s, t = 2 s.

The composition of canonical relations that determines the AMO canonical relation,
implies the ‘matching’ in (z, £) of two ‘isochrons’, one associated with the imaging oper-
ator Ly and one associated with the modeling operator F'. The points at which these two
‘isochrons’ touch and share the same (co)tangent plane are the points which contribute to
the canonical relation of the AMO operator.

The impulse response of the AMO operator is the traveltime ¢, as a function of the
direction ((6s, ¥5)) of the ray at the source (related to ¢); all other parameters are fixed. In
Figure 9 we plot this function. The expression is derived in Appendix B.
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FIGURE 9. Surface plot of the AMO impulse response as a function of
input ray directions.

APPENDIX A. DIP MOVEOUT: n = 3 AND CONSTANT COEFFICIENT

The aim of this appendix is two-fold: (i) to show that the analysis presented in the
main text encompasses the usual DMO analysis in the absence of caustics as practiced in
seismology, and (ii) to clarify the issue of number of phase variables needed in the OI
representation of the DMO kernel for n = 3 in the constant coefficient case.

It is noted, that in the case of constant c, e can be chosen to be offset h — %(r —3)
in the acquisition manifold. We define an acquisition submanifold, Y’ , by prescribing the
value of h. Throughout the analysis, in particular of the operator L, the manifold Y can be

replaced by the submanifold Y” and the cotangent bundle T*Y'\0 by T*Y"\0.

A.1. Modeling and imaging operators. In the case of a medium with constant velocity c,
the generating function S in (4) is simply given by —7T'(z, z) with T(z, zo) the traveltime
function along the ray connecting z with zg, viz.

(A.D) T(z,x) = M i

Since, away from the point source, no caustics occur, the traveltime function is single
valued and only one phase variable, namely T, is required in the phase function. We will
use Cartesian coordinates.

The Green’s function, G, is given by the OI (cf. (6))

G(z,t,zp) = /—1* expliT(t — T'(z, zo))] dr,

8m2c?|x — x|
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from which the modeling operator kernel of F' is derived,

—72

F(s1,89,71,79,t,20) = / 167737 — 2|5 — $OI5C($0)

exp[iT(t - T(:BO, 81, S2, 0) 1,72, O))] dT)
in which
(A.2) T(z,s,7)=T(z,s)+ T(z,r),

and the acquisition manifold, Y, is given by (s3,73) = (0, 0) and X is given by (z0)3 > 0.
The canonical relation of F follows as
Ar = {(s1,2(0, B) = (0)1,2 + cT'(zo, B) P12, 71,2(T0, @) = (z0)1,2 + cT(20, @)y 2,
T(an 18) + T(xO) a)) 0.1,2(:Ba 7—) = Tﬁl,?/ca p1,2(a1 T) = Ta1,2/cy T3
anT(IB-*_a)/c) l(x0)3 > 0 ) (a’IB) € Sz X 52 , O3 > Oa:B3 > O},

where

T(z0,8) = (0)3/(chs),

T(zo,) = (x0)3/(cas).
The kernel of the exploding reflector modeling operator, Fp, is given by
2

_T .
Fo(zl, 29, tO, xo) = / 16677]-3'20— x0|2(50(1:0) eXp[lTo(t —_ 2T(21, 29, 0, iEo))] d'T(),

with z = (21, 2, 0). The corresponding canonical relation follows as

Ap = {(z1,2(z0, @) = (20)1,2 + (T0)aa1 2/ a3, To(o, a) = 2(zo)3/(azc),
Clyz(:co,a) == 2’7’0&1,2/6, To; Zo, 27‘001/6) I (1130)3 >0, a€ 52 , kg > 0}

A.2. The Dip MoveOut operator. We compose the exploding reflector modeling oper-
ator and the GRT to form the DMO operator. We introduce the midpoint(y)-offset(h)
parametrization, i.e., s = y — h, r = y + h. In the constant coefficient case, in the absence
of caustics, we can set ¢ = h. Then the GRT, L = Ly, is replaced by the ‘common-
offset imaging’ operator. The phase function associated with the common-offset imaging
operator is simply given by ®(y,t,zo,7) = 7'("":°"Cy_hI + 'm°_cy+h' — t). We choose our
coordinates such that h = (hy, 0,0).

The phase function associated with the exploding reflector modeling is ®gr (2, to, 2o, 70) =
'ro(to—2"”°—c'z'). The phase function of the DMO operator then becomes ¥ (y, t, z, to, Zo, T, To) =
®(y,t, 20, 7) + Prr(2, to, To, To). (Observe that (z, 7, To) are the phase variables.)

Theorem A.1. WV is a non-degenerate phase function. The composition of Ag and A is
transversal.
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Proof. The partial derivatives of ¥ with respect to the phase variables are given by

ap 2L _ n(E)i-z) 7 («wo» ~yi—h) | (@) —yi+h) )
9(xo): ¢ |zo— 2| ¢ |zo —y — Al |zo — v + Al ’
A 2 i YN mo—y—hl 41z —y+hl)
* 87_ - c 0 '!/ 0 y 3
% zn —
(A.5) 8_\1’ = to— M ,
0Ty c
1 =1, 2, 3. The form of the differentials with respect to all the variables is:
d(0ze), ¥) (i=1,2,3) d(0,¥) d(0,%)
(¢) y; (7=1,2) * * *
(1) t [0] [0]
(#i1) 25 (1=1,2) _2_:(1 (_ngiizl + ((wo)i—lj(i))_((zﬂlcg)j—zj)) " «
(’L’U) 'to @ @ III
(v) (z0); (1=1,2,3) * X ¥
(vi) T * 0 0
7 ((z0)i—2i)
(vii) o — 2l 0 0

Because of the entries related to ¢ and ¢, [rows (i) and (iv)] the rank of the matrix is
2 + rank(d(Z%)). Now, 5% x (idi); —§ 805 « (vid), for j = 1,2 yields the form of
rows (i41) and (vii):

s 0o
()| 0 g 0
(’Ui?:) * * _% ((-’T;())s_;fa)

Since |zp — z| > 0, (0 = 23 < (z0)3), rank(d(%)) = 3. The rank of the differentials is
therefore maximal; the phase is nondegenerate. It follows that the composition of the two
canonical relations is transversal [17, Thm. 21.2.19]. O

Parametrization of the canonical relation. As already mentioned above in the case
e = h one can restrict the DMO operation to a constant offset one, replacing Y by Y.
Comparing to the main text, observe that one does not need the cotangent variable ¢ to
parameterize the canonical relation: we only make use of s, zo, 7 here. In this case Ap
then follows as

AD = {(Z(S, IC()), to(S, CE()), C(S) Zo, T); TO(S) Zo, T)) ’y(S), t(S, 1130), "7(3, Zo, T), T)} .
The midpoint y is y = s + h, the receiver location is r = s + 2h, and the traveltime is
t = (|zo — s| + |zo — r|)/c. Using the phase function ¥ we immediately obtain that

m:£<s"_(x°)"+r"_(x°)") L i=1,2,

|zo — 3| |zo — 7|

We introduce £ as,
€ = 8,V = % ((xo)i_si 4 (fﬂo)i-"’f”i) i=1,23.

lzo — s |zo — 7|
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Observe that, in a constant medium, we naturally have & = —n; for i = 1,2. According to
the main text, we define o € 52 as

(27’0/0)0(0 = E ’

which yields 7o. Note that sin 6y = (ag)3 > 0 (cf. Figure 6). The zero-offset travel time
is then given by ¢y = (z0)3/(csinfp). The zero-offset source location, z, then follows as
z = Ctoao + xp.

The ‘impulse response’, n = 2. In the case n = 2, and the ‘horizontal’ acquisition man-
ifold as in the previous subsection, we have s = (s1,0), r = (ry,0) for source and re-
ceiver locations. We parameterize the canonical relation of the DMO operator, Ap, with
(0, 8,7, €), where s is the source, z, is the scattering point (cf. Figure 6), 7 the frequency,
and ¢ the cotangent variable corresponding to e. Here, e is taken to be the scattering angle,
0,

6 = 6(zo, s,7) = arccos <(x0 —h%o~ s)) :
Ixo - T'leo — Sl

The canonical relation, Ap, will then be of the form
AD = {(Z(xo, S, T, E)a t0($0; S, T, E): C(an ST, 5), TO(xO, ST, E))
s, (2o, 8,7, €), T(zo, 8,7, €), o(x0, 5, T, ), p(zo, s, 7,€),7)} .

The zero-offset case corresponds to § = 0, which we exclude in the neighborhood E; (cf.
Figure 4). We make use of only one connected component of E; and thus assume that
6 > 0in Ei.

To determine the cotangent variables, o, p, ¢ and 75, we will make use of the derivatives

_ 1 dij (Zo)i =15\ [ (%0); — s;
Do), = sin @ { (|a:0 — | |zo — 7|3 |zo — s|
+ ( 4 (370):1'_31') ((mo)j—rj)}
|zo — s| |zo — s? |zo — 7| ’
1 015 (Zo); — 55\ [ (wo); —7;
%l =25 <|a:0 —sl T Too—sP )\ w11 )

and a similar expression for 9, 6.

(A.6)
From (zo, s) we determine the direction of the ray at the source,
(A7) g="%
|s — o]
and the traveltime
(A.8) o sl
c

The angle §; is defined through
(A.9) B = (cosbs,sinb;) .
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Using the relation 6, = 6,40 (cf. Figure 6) we find the angle 6, which defines the direction
of the ray at the receiver

(A.10) —a = —(cosb,,siné,) .

The receiver ray traveltime then follows from

(A.11) sin §,cf = (x(‘:’)s .

Then the receiver position is found to be

(A.12) r = —tca + 20 .

The total traveltime is simply given by

(A.13) T=t+%.

The cotangent variables o and p are then given by

(A.14) o = —% cos s — €0s,0(xo, 8,7) ,
(A.15) p = —% cos 0, — €0,,0(xo, s,7) .

We determine (o, 7o) from the equality
(A.16) % (@ + B) — e0pyB(0, 8,7) = € = 2 (%) Q.
The zero-offset traveltime, ¢, thus follows as
to = (zo)3/(c sinby) ,
with sin 6y = (ap)3. The zero-offset source position, 2, is then given by
z = ctoag + xo ,

while
¢=—-&

(cf. (A.16)).
For Born modeled data the only contribution comes from € = 0, in which case these
formulae simplify to

T T
o = ——cosby;, p=——cosb,,
c c

a = (a+pB)/(le+8l),
to = (z0)3/(csinbp) = T'sinb, sin 6,/[sin Oy(sin 6, + sinb,)] .

The distance between the source location, s, and the zero-offset source location, z, is given
by

do =z — s = c(tB1 — to(ao)1) = cT'sin b, sin(8/2)/[(sin 8, + sin 6,) sin 6] .
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A.3. Parameterization of the canonical relation by a phase function. In the case e =
h discussed above, it is possible that the number of phase variables used in U, here,
(0,7, 7o), is unnecessarily large. Since the canonical relation and the stationary point
set are locally diffeomorphic, we can investigate this question on the stationary point set,
Sy = {(y,t, 2,t0, 20,7, T0) | 05,¥ = 0, 8,¥ =0, 8, ¥ = 0}.

Minimum number of phase variables. Let us first project Sy onto the natural base coor-
dinates (y,t, z, to). Let
T (ya t’ zZ, tO) Zo, T, TO) = (ya ta Z, tO) )

then rank(Dr |5, ) = dim{(y, t, 2, to) } + rank(dy, f, 0, f, Oy f) — dim{(zo, 7, 70) }, Where
f = 0 is the defining equation for Sy, i.e., f = (0,7, 8, ¥, 8,,¥). Then

corank (D |s,) = dim{(zo, 7, 70)} — rank(8,, f, 8, f, O, f)
is the minimal number of phase variables required to characterize the canonical relation.

Corollary A.2. The minimum number of phase variables that locally parameterizes Ap =

AE o AL is 2.
Proof. The structure of the differentials of f with respect to (o, 7, 7o) is:
(@) (b) (c)
d(a(xo) ¥) (1=1,2,3) d(6,¥) d(8-,7)
_2_ro_( 8;  _ {=o0)i—zi)((xo);—z;)
c Jzo—z] lxo—2z|3
; 0ij ((zo)i—yi—hi)((x0) hj) ((zo): —yi—hi) i—yithi 2 ((zo)i—z:
(8) (@0)s | +% (o — Cvppilpgmucha ) 4 ((ehospa) 4 (G} 2 (Golezs)
+z dij _ ((zo)i —yi+hi)((x0); —yj+hj)
¢ \Jzo—y+h| lzo—y+h[>
- ((z0) ki) | (zo)j—y;+h;)
(i) = %( Teamyh -+ Tray T ) 0 0
(i46) 7o —2{Bolizz) 0 0

with ¢ = 1,2, 3. On the stationary point set, Sy, in view of equation (A.3), rows (i) and
(¢i2) are linearly dependent and the same holds for columns (b) and (c). Equation (A.3) for

(z0)3 ((0)3 # 0) gives —20 m e Bl ( Fo—v=F T o=y +hl) = 0 and hence a simplifica-
tion of the upper left 3 x 3 matrix. Therefore rank(0y, f, Or f, Oy, f) is that of:

(a) ©)
2 ((xo)i"lzz)((al’g)j—zJ)
(Z) ((f'vo)i—thI h_);(_f!:o)g—ya hj) ((1170)1 _ Zi)
((:l:o)l y1+h,)((:cog-—y,+h,)
[zo—y+h|3
@l (o2 0

with 4,j = 1,2,3. By subtracting [270"" ((""")’ zIZJ) T(((T;)Z] yy’,flh) + ((ng" —;ﬁ;h 2)] x (b)

from (a);, j = 1,2,3, and using the fact that hy =hs3 =0,23 =y3 =0, and 2o = y, on
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Sg, the matrix further simplifies to

( h1)({zo) h )(a) { h1)((z0); —v;+h;)) )
R — Uy — 20V —Yi—ha Z1—Y1+ Y .
(Z)l —TE thlz—y—ohi‘"’ B Ixcl)—(z(/ﬁ?hf" L ((@o)h — 21)
()2 0 ((z0)2 — v2)
()3 0 (zo)s
(i) (z0); ~ 2) 0
Performing a similar operation with rows instead yields that the rank is that of ((zg)3 > 0)
(a), (a)s (b)
R —y1—h 2 — h Z
(@) | —rEET - EARE 0 (@h-a)
(A.17) (i)s 0 0 (zo)s
(22) ((zo)1 — 21) (zo)s 0
the determinant of which, 7(zg)2 (Zl_f‘:hla)z + "1‘141*’“22 , is not zero if h; # 0. We
3\ lzo-y—hl| lzo—y+hl
conclude that rank(0,, f, 0, f, 0., f) = 3. O

Choice of phase variables. A similar argument as that of the proof of Corollary A.2,
shows that the corank of the projection on (y1,¥2,¢, 21, (Zo)2, 7) is 0. It makes use of
the fact that hy # 0, (zo)s # 0 as well as that (z0); > y; < (o)1 > 21 on Sy. We can
therefore use (zo)2 and 7 as phase variables or ay = (22— (9)2)/|2— | and 7. Figure A.1
illustrates the need for a second phase variable in addition to 7.

)
)
x3
S Z r

L0

3

FIGURE A.1. Isochrones for DMO, n = 3 constant coefficient.

The amplitude. We apply the stationary phase formula to achieve the parameterization
of the OI representation of the DMO kernel with only (z), and 7 as phase variables. We
compute the Hessian of ¥ /7 with respect to (z¢)1, (o), 70, which does not vanish because
of the previous remarks. Its evaluation at stationarity yields

8% /7 4 (z) ((zl—yl—hm (zl—y1+h1)2)

H= =
0*((zo)1, (z0)s, 70)| 723 |0 — 2|2 \ |20 —y — AJ? |zo —y + hJ3
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We can relate this Hessian geometrically to the curvatures of the finite-offset and zero-
offset isochrons. In this form, the Hessian simplifies, using the law of sines, to

_ —4(z0)} 1 1 1 1 1
H= 73¢2 (ko KI)Khl sin(6,) +sin(95) sin(6/2) sin®(6,) ’

where the ko is the curvature of the zero-offset isochron, «; is the curvature of the constant-
offset isochron, and K = — 282 0/2)¢os(/2 o defined in [5, (7.6.10)-(7.6.13)].

The signature of the second order differential (8% /7)/(8%((xo)1, (0)3, 70)) is constant.
It is easy to compute it at a point xy half-way between source and receiver. The signature
is then —1.

At stationarity the phase function simplifies to

xo—y—h To—y+h
T(I oY I + | 0—Y | _ t) ,
c c
and the entire amplitude of the associated oscillatory integral representatio becomes
Ti/272 1

—in/4) .
32689 2n)z — aaPly+h—wolly — b0l 2V
APPENDIX B. AZIMUTH MOVEOUT: n = 3 AND CONSTANT COEFFICIENT

In a constant velocity medium, it is possible to derive an expression for the impulse
response in closed form. In [3] the impulse response of AMO was derived as the time £,
as a function of translation in midpoint location, 3(rs + s2) — 3(r1 + s1) for given offsets
-é—(rl — s1) and %(7"2 — $3). Here, we determine time ¢, as a function of ray direction at s;
(associated with o;) for given e; and (subsurface) scattering angle from e, and (acquisition
surface) azimuth direction, i.e. direction of 1(rz — s).

We derive the impulse response in two steps. First, we determine the three-dimensional
DMO zero-offset traveltime (¢9) from (sy,r;,¢;), and then we determine the AMO time
(t2) by performing inverse DMO from the zero-offset ray to (ss,72,%2). Since the zero-
offset ray will always be in the plane defined by the source and receiver rays, we need
only compute the scattering angle in that plane, as a function of the initial ray angles at the
source s;. We apply the DMO formula derived in Appendix A.

In Figure B.1 we introduce the unit vectors

(B.1) a; = (cos(p1)cos(thy),cos(p)sin(¢y), sin(ip1)) ,
(B.2) = (cos(¢p2) cos(tz), cos(p2) sin(t), sin(ps,)) .
(& determines o; and = determines £.) We observe that w = &; — A=, while also w lies
in the z3 = 0 plane. We evaluate \ by setting w3 = 0,
\_sin(er)
sin(¢p2)

(1]

(B.3)

Then
cos(¢p1) cos(t1) — 2L cos((p,) cos(¢n)

(B.4) w= | cos(ep;)sin(t) — M cos(¢p2) sin(1;)

sin(p2)
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FIGURE B.1. DMO geometry and notation related to (s, 71,1, 01, p1,71)-

FIGURE B.2. Rotation to set azimuth showing the notation for the output
(black) rays. The input rays are shown in gray. The plane which contains
the output rays (dark gray) is the result of rotating the plane which contains
the input rays (light gray) about the = vector.

with

2 _ 2 sin*(p1)  sin(2¢1)
(B.5) Il = cos® (1) + £o3 005 = s cos(y — )

The angle 6, is defined in Figure B.1 and is given by

(B.6) 0~1 = acos (&1 : 'w) .

Ml
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With 8; we derive the zero-offset time to using (A.17),
t sin(él) sin(él)
(sin(8;) + sin(d; )) sin(fg,1)

We now rotate this DMO ray geometry about the = axis to obtain the desired azimuthal
orientation. We have chosen our coordinates such that this orientation coincides with the
1 axis, which implies that w := (1,0,0). We determine the time ¢, by applying inverse
DMO to the rotated geometry. Thus,

(B.8) fo,2 = acos(Z - (1,0, 0)) = acos(cos(pz) cos(1)) ,

and it follows that

(B.7) to =

(B.9) ty = Ty +fp = tO(Sin(éz.) +~sin.(0ﬂz)a) sin(fo.2) .
sin(6s) sin(6s)
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