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Abstract
In unconventional gas formations, due to the narrow pore size, gas molecules slip at the wall of the pore,
known as the Klinkenberg effect. Although the Klinkenberg effect of single component gas has been
thoroughly investigated, an accurate correlation for Klinkenberg effects on multicomponent gas flow has
not been formulated so far. In this paper, we aim to quantify the multicomponent gas Klinkenberg effect by
deriving a non-empirical correlation that can be directly used in reservoir engineering applications.

Our approach is based on kinetic theory, we calculate the mean free path of gas mixtures, and capture the
loss of horizontal flux momentum of gas flux after the molecule diffusively reflect at the wall. The horizontal
flux momentum acts as shear stress on gas flow. In this sense, the loss of momentum induces reduction of
viscosity and enhancement of permeability (mass transfer). By quantifying the loss of horizontal momentum
as well as the reduction of viscosity, we can solve the gas slippage coefficient for the multicomponent gas
flow system.

We have brought out a second-order non-empirical gas slippage correlation for the multicomponent
Klinkenberg effect problem. Our model well captures the mass transfer mechanism of gas mixtures. The
accuracy of our model has been compared to and validated by both molecular dynamics simulation and
physical experimental (tube-flooding). We have also investigated the effect of wall roughness on the
reflection of gas molecules, which fundamentally reveals the origin of gas slippage effect. Our correlation
can be readily implemented in compositional reservoir simulators to investigate gas flow in unconventional
formations, such as shale and tight sandstone.

Compared to existing approaches, our approach has several novelties and advantages. First, our approach
is a non-empirical gas slippage correlation for gas mixtures. The model is based on the kinetic theory
of gasses, originating from the first principals. Secondly, our model is capable of handling a wide range
of Knudsen numbers. Last, compared to Direct Simulation Monte Carlo (DSMC) and Lattice Boltzmann
Method (LBM), our approach requires much less computing resources.

Introduction
As discovered by Maxwell (1879), when gas flows through narrow channels, the mass transfer rate increases
due to momentum loss on the channel wall. The ratio between mean free path (average distance that a gas
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molecular can move without any collisions) and the flow channel diameter is defined as Knudsen number,
which quantifies the magnitude of the mass transfer enhancement effect. Maxwell (1879) brought out the
very first slippage boundary condition, as shown in Equation (1)

(1)

In this equation, u is the flux velocity at the boundary, σ is the Tangential Momentum Accommodation
Coefficient (TMAC), which quantifies the ratio of momentum transfer on the boundarym and λ is the
mean free path of the gas. The detailed explanations of symbols used in this paper can be found in the
Nomenclature list. A general form of the slippage boundary condition can be expressed as

(2)

As shown in Equation (2), the boundary slippage velocity is a multiple order function of the velocity
gradient. In Equation (2), the term C1 and C2 are the coefficients of first-order velocity gradient and
second-order velocity gradient, respectively. By comparing Equation (1) and (2), it can be seen that
Maxwell’s slippage boundary condition is a first-order boundary condition with a constant coefficient.
The pores’ diameters of unconventional formation rock are ranging from several micrometers to several
nanometers and can be viewed also as narrow channels. Therefore, gas mass transfer rate may also increse in
unconventioanal reservois. Actually, the gas apparent permeability enhancement effect has been observed
(Civan, 2010) during the investigation of unconventional resources. Klinkenberg firstly discovered the
permeability enhancement effect in porous media and brought out a general model to quantify such effect,
which was later named after him, as shown in Equation (3).

(3)

In the above equation, b is an empirical parameter. Since λ ∝1/p, Klinkenberg’s correlation can be viewed
as an empirical first-order slippage model.

Ever since Klinkenberg’s work, many researchers have addressed this problem in both micro-scale and
reservoir scale (Jiang et al., 2016; Wang et al., 2016; Wu et al., 2014), as summarized by (Zhang et al., 2012).

Knudsen (1934, 1909) investigated the diffusion effect induced by molecular-wall interaction for
high Knudsen numbers and brought out the Knudsen diffusion effect along with the Knudsen diffusion
coefficient. Pollard and Present (1948) later considered the gas diffusion in a long channel. According to
Pollard and Present (1948)’s model, Knudsen diffusion coefficient is the ‘extreme’ value for very high
Knudsen numbers (extremely narrow flow channel). The diffusion coefficient decreases from Knudsen
diffusion coefficient continuously to molecular diffusion coefficient as the Knudsen number decreases from
infinitely large to infinitely small. Javadpour (2009) presented an empirical correlation for the apparent gas
permeability of unconventional rocks based on experimental data. Lasseux et al. (2016) combined Navier-
Stokes equations with a first-order slippage condition to derive an analytical solution of the apparent gas
permeability with respect to pressure. Wu and Bogy (2003) used gas kinetic theory to address this problem
and derived a simple yet accurate second-order model for Knudsen number that is below 1. Wu and Bogy
(2003) considered the momentum loss on the pore wall. The model was later extended to higher Knudsen
numbers (Wu, 2008). (Ohwada and Xu (2004) combined gas-kinetic scheme with Burnett equation to solve
for the velocity profile as well as pressure/temperature distribution of gas flow inside microchannels. Wu
et al. (2017) showed this work is only valid for low Knudsen numbers.

Recently, Wang et al. (2017a) presented a novel second-order slippage model, which accurately calculates
the mass transfer enhancement in micro-channels and matches the numerical results (Li et al., 2011) as well
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physical experiment (Colin et al., 2004) data very well. Wang et al. (2017) have thoroughly reviewed the
fundamental theory as well as the applications of the gas transport mechanism in unconventional reservoirs.

Although the slippage model of single component gas flow has been investigated in-depth, the slippage
model for multicomponent gas mixtures, however, has not been well developed yet. In this work, we
proposed a non-empirical gas slippage for multicomponent gas mixtures. Our work is based on the published
research (Wang et al., 2017a; Wu, 2008; Wu and Bogy, 2003) about single gas slippage. The proposed model
can be conveniently implemented in reservoir simulator (Jiang, 2013; Li et al., 2016; Wang et al., 2017b;
Wang et al., 2014) or well testing software to conduct production performance evaluation of unconventional
gas reservoirs.

This paper is organized as follows. In Section 2, we briefly introduce the background of the kinetic theory
of gases. In Section 3, we present the derivation of the proposed slippage model. In Section. 4, we show
the permeability enhancement factor predicted by our model. In the last Section, we conclude this work
and suggest for future work.

Background

Mean free path of gas mixture
By definition, the mean free path is the ‘average’ distance that a gas molecule can travel before it hits another
gas molecule. The mean free path of gas can be calculated in several ways, resulting in slightly different
values (Bird and A., 1976; Chapman and Cowling, 1970; Present, 1958). In this work, we follow Kennard’s
method (1938) to calculate the mean free path of the ith component of the gas mixture as follows

(4)

In the above equation,nj is the number density of the ith type of molecules.
The ‘overall’ mean free path of the gas mixture is defined as

(5)

Here λfm is calculated via a simple mixing rule and is used only for the calculation of Knudsen number
in order to make comparison easier. From λfm, we can define Knudsen number for gas mixture as

(6)

Diffusive reflection and momentum loss
The impinging molecules reflect on the wall of the porous media. A certain amount of reflections are
specular, in which the molecules maintain their horizontal momentum. The rest of the molecules diffusively
reflect into a random direction, causing a loss of momentum, as shown in Figure 1. The diffusive reflection
can be analogous to light scattering on rough surfaces and can be quantified by the method proposed by
Bennett and Porteus (1961), Davies (1954), and Harvey et al. (2012). The percentage of the loss of the
momentum is defined as Tangential Momentum Accommodation Coefficient (TMAC), ranging from 0 to
1. The rougher the surface is, the higher TMAC is.

D
ow

nloaded from
 http://onepetro.org/SPEATC

E/proceedings-pdf/17ATC
E/2-17ATC

E/D
021S019R

009/1281231/spe-187065-m
s.pdf by C

olorado School of M
ines user on 12 Septem

ber 2021



4 SPE-187065-MS

Figure 1—Conceptual model of gas molecular reflection on the rough surface (wall) of porous media. The solid
arrow line represents the specular reflection, while the dash arrow lines represent the diffusive reflection.

The diffusively reflected molecules will lose their horizontal momentum after the reflection. Since the
momentum gradient is the origin of shear stress, the loss of horizontal momentum will reduce the shear
stress and thus reduce the viscosity of fluid that is in the vicinity of the pore wall, causing the fluid to ‘slip.’
In this work, we aim to quantify the slippage effect by quantifying the amount of loss momentum.

Kinetic theory of gasses and viscosity of gas mixtures
Consider a spherical coordinate system in which a small volume dτ of the gas is in a position (r,φ,ω), as
shown in Figure 2. According to the kinetic theory of gasses (Present, 1958), in unit time the number of
the ith type of molecules that collide once in dτ , then leave dτ and reach a small area dS at (0,0,0) without
any other collisions is

(7)

Figure 2—Coordinate system showing the relative position of dS and dt.

In the above formulation, xi is the mole concentration of component i. n is the number density of the gas
mixture. r is the traveling distance.

Moreover, from a certain direction, the average moving distance of the ith type of molecules is its mean
free path λi. The average momentum the molecules tranport can be calculated by multiplying their flux
velocity (in the mean moving distance controlled by mean free path) by their number density and mass.

For laminar flow (along x direction as shown in Figure 3), suppose there is no wall and no boundary
reflection, then given an imaginary plain at z = z0 with unit area in the space, all molecules that impinge into
the unit area from φ direction in average carry the flux velocity at z = z0 + λi cos φ , as shown in Figure 4. In
this sense, considering the amount of momentum tranported by ith type of molecules impinge from above is
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(8)

Figure 3—Conceptual model of laminar flow system.

Figure 4—Conceptual model of the ith type of molecules that impinge into an imaginary
plain in an open space within a laminar flow field. x direction is the flux direction,

meaning that the flux velocity vector only has non-zero components along x direction.

In the above equation, u is the flux velocity. In the case of laminar flow, u is the function of z only.
Similarly, the momentum carried by ith of molecules from bottom along direction (Π-φ) is

(9)

Then, by summing up all NC types of molecules, the total momentum from above direction and bellow
direction can be calculated and expanded into second-order in (10) and (11), respectively.

(10)
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(11)

The shear force on the plain is just the difference between Mu and Mb as

(12)

Based on the definition of viscosity, we can obtain the viscosity of gas mixture as

(13)

In this sense, we can use this mean free path method originated from the kinetic theory of gases to estimate
the viscosity of ideal gas mixtures. Based on this model, we can further calculate the slippage boundary
condition of gas mixtures by putting the mixture into a confined flow channel.

Non-empirical slippage model
In this Section, we present the derivation of our non-empirical gas slippage model of gas mixtures. As
mentioned in the previous Sections, the existence of walls and diffusive reflection is the origin of viscosity
reduction as well as boundary slippage. Consider a bunch of molecules that impinge in a point (unit area)
on the boundary (z=0) along direction φ, as shown in Figure 5.

Figure 5—Conceptual model of momentum loss on the boundary.

According to our previous discussion, the average flux velocity these molecules carry is the flux velocity
at z = λi cos φ. Moreover, only diffusively reflection contribute to the net momentum transfer. Therefore,
all the ‘effective’ momentum transported by all types of molecules can be calculated as

(14)
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The above formulation can be expanded to the second order as

(15)

Equation (15) is the actual momentum transfer on the wall. By equating Equation (15) with Equation
(13), we can obtain the ‘equivalent’ slippage velocity that generates the apparent permeability, as shown in

(16)

By reorganizing the above equation, the slippage velocity correlation can be obtained as

(17)

Consider , then the slippage velocity can be expressed as

(18)

Compared with Equation (2), the two coefficients C1 and C2 in our model are as follows

(19)

(20)

Moreover, it can be easily seen that for single component gas flow at very low Knudsen number, this
newly proposed model reduces to Maxwell’s one, in Equation (1).

Results and validation

Validation
We use Li et al’s (2011) results to validate our results for the single-component case. Li et al. (2011) used
Lattice Boltzmann Method (LBM) to simulate gas transport in microchannels. In their work, they consider
purely diffusive reflection (TMAC=1). In this paper, we compared the dimensionless flow rate QD predicted
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by Li et al. (2011)’s model and our non-empirical correction. The dimensionless flow rate is defined as
follows

(21)

For our proposed correlation, QD can be explicitly expressed as

(22)

The comparison is shown in Figure 6, from which it can be seen that the proposed model matches
numerical experimental results very well.

Figure 6—Comparison between LBM results and proposed kinetic model for single component gas flow with TMAC being 1.

Results
In this section, we present the permeability enhancement factor of a binary gas mixture as well as a ternary
gas mixture predicted by our proposed correlation. The permeability enhancement factor can be calculated
analytically by our model, as shown in the equation below.

(23)

Binary gas mixture.   Here we present the impact of compositional distribution on the permeability
enhancement factor of binary gas mixtures. For gas mixtures, their mean free path is the function of
both temperature/pressure and the compositional distribution of their components. The summary of the
compositional combinations of the binary gas mixtures is listed in Table 1. In this work, we use real gas
properties to calculate the mean free path as well as the permeability enhancement factor. The temperature
is set to be 212 °F (373 K). The ‘average’ mean free path of the gas mixture that has 50% methane and
50% propane is shown in Figure 7. In Figure 7, we also plot the mean free path of methane molecules and
propane molecules within the mixture. The steep portion of the mean free path curve of propane refers to
the transition from gas phase to super-critical phase. The mean free path of 70% methane-30% propane
mixture is shown in Figure 8. The permeability enhancement factor with respect to pressure for a 25nm
wide channel and a 15nm wide channel is shown in Figure 9 and Figure 10. respectively. From the two
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figures, it can be seen that the permeability enhancement effect of a binary mixture can be significantly
different from that of one pure component.

Table 1—Summary of concentration combinations of binary mixture cases.

Methane Propane

Case 1 100% 0%

Case 2 70% 30%

Case 3 50% 50%

Case 4 30% 70%

Case 5 0% 100%

Figure 7—Mean free path of 50% methane-50% propane mixture. The temperature is 212 °F (373 K).

Figure 8—Mean free path of 70% methane-30% propane mixture. The temperature is 212 °F (373 K).
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Figure 9—Permeability enhancement factor for different composition distribution
of methane-propane mixtures within 25nm channel with respect to pressure.

Figure 10—Permeability enhancement factor for different composition distribution of methane-
propane mixtures within 15nm channel with respect to pressure. Both of the two axes are in log scale.

Ternary gas mixture.   In this sub-section, we discuss the impact of compositional distribution on the
permeability enhancement factor of a ternary gas mixture. The summary of the compositional combinations
is listed in Table 2. The permeability enhancement factor with respect to pressure for the 25nm wide channel
and the 15nm wide channel is shown in Figure 11 and Figure 12, respectively. From the two figures, we
can see that our proposed correlation is able to capture the compositional impact for ternary gas mixtures.
Moreover, there should be little difficulty for our correlation to predict the permeability enhancement effect
of more complex gas mixtures consisting of light components.

Table 2—Summary of concentration combinations of ternary mixture cases.

Methane Ethane Propane

Case 6 10% 20% 70%

Case 7 33.3% 33.3% 33.3%

Case 8 70% 20% 10%
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Figure 11—Permeability enhancement factor for different composition distribution of methane-ethane-
propane mixtures within 25nm channel with respect to pressure. Both of the two axes are in log scale.

Figure 12—Permeability enhancement factor for different composition distribution of methane-ethane-
propane mixtures within 15nm channel with respect to pressure. Both of the two axes are in log scale.

Summary and discussion
To sum up, in this work, we have derive a novel non-empirical model to quantify the Klinkenberg effect
for multicomponent gas mixtures. Based on the kinetic theory of gases, our model has a solid physical
foundation. It has been validated against molecular simulation results and has shown good accuracy for low
to moderate Knudsen numbers (KN < 1). For higher Knudsen numbers, our model may show larger errors.

Using the proposed model, we have investigated the Klinkenberg effect of binary as well ternary gas
mixtures. We found that heavier components inside the gas mixture can significantly vary the slippage
behaviors of the mixture. Moreover, the slippage behaviors also depend on the compositional distribution.
Lighter components contribute to more slippage effect.
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Admittedly, our model has several limitations. First, it can only be used to low-speed gas flow, because it
assumes near-steady conditions in its derivation. Secondly, it should only be applied to gas reservoirs with
mostly light components. For gas mixtures with heavier components, for instance condensate gas reservoirs,
complex phase behaviors may involve during the recovery process, which may cause the failure of our
model.

To the best our knowledge, this work is the first non-empirical correlation for gas mixtures in this area. It
is promising that our proposed model will be adopted and applied to reservoir simulation of unconventional
gas formations.

Acknowledgement
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Nomenclature
b Klinkenberg factor
D pore diameter
i component index
j component index

K∞ absolute permeability
Ka apparent permeability
KN Knudsen number
m molecular weight
N number density

QD dimensionless flow rate
P pressure
R gas constant
S permeability enhancement factor
T temperature
δ collision diamter
u flux velocity
τ unit volume
v thermal velocity
x horizontal dimension
z vertical dimension
φ spherical angle
ω radial angle
λ mean free path
ρ density
σ Tangential Momentum Accommodation Coefficient (TMAC)
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