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Abstract 
This study introduces the usage of the Barree and Conway flow model in well testing pressure-transient applications for a 
single-phase non-Darcy flow in porous and fractured reservoirs. The non-Darcy flow behavior is handled using a three-
dimensional, general purpose reservoir simulator. This numerical model incorporates non-Darcy flow effect according to the 
Barree and Conway flow model and the developed numerical model is capable of simulating all near wellbore effects, such as 
the wellbore storage and skin effects, coupled with the non-Darcy flow behavior. In addition, a steady-state non-Darcy radial 
flow solution is derived analytically according to the Barree and Conway model. The numerical simulation results are 
verified with the analytical solution.  
        The numerical model is used to model and interpret the radial flow pressure-transient responses for both pressure 
buildup and drawdown well tests in porous and fractured reservoirs. In simulating pressure drawdown tests with the non-
Darcy flow effects according to Barree and Conway model and assuming no skin and wellbore storage effects, the 
permeability, estimated using the standard straight-line analysis, is an apparent permeability and not the Darcy’s constant 
permeability. The estimated permeability ranges from the minimum permeability and to less than the Darcy’s permeability. 
Thus in pressure drawdown tests the standard straight-line analysis techniques underestimate the Darcy’s permeability when 
non-Darcy flow behavior exists. A pressure buildup test, following non-Darcy flow drawdown tests, may be good for 
determining Darcy’s permeability values using standard straight-line analysis when non-Darcy flow effect is insignificant. 
The Barree and Conway non-Darcy flow model parameters may not be directly estimated from the pressure-transient well 
tests with a simple graphic approach. However, they can be estimated by a matching process, based on non-linear 
optimization algorithm incorporated into the developed numerical model. The type curves generated by the numerical model 
are provided to demonstrate a methodology for modeling single phase transient non-Darcy flow behavior in porous and 
fractured rocks. The developed numerical model in this study is used to interpret and match actual pressure drawdown and 
buildup well tests from wells of high production rates in Kuwait. 
 
Introduction 
Darcy’s law has been the fundamental principle in describing the fluid flow in porous media (Darcy, 1856). It describes a 
linear relationship between volumetric flow rate (Darcy velocity) and pressure (head or potential) gradient (Muskat, 1946). 
Darcy’s law relates the pressure gradient to the fluid superficial velocity and through a constant k known as permeability 
(rock property) as follow: 

vP
L k

μ∂
− =

∂
                   (1) 

        Any deviations from this linear relation (Eq. 1) may be defined as non-Darcy flow. In this study our concern is only with 
the non-Darcy flow caused by high fluid flow velocities. Even though Darcy’s Law has been used exclusively in the studies 
of fluid flow in reservoirs, there is considerable evidence that high-velocity non-Darcy flow occurs in many subsurface 
systems, such as in the flow near wells of oil or gas production and water or gas injection. Non-Darcy flow is an important 
factor affecting productivity of gas wells and high-rate oil wells. In studies of non-Darcy flow through porous median, the 
Forchheimer equation is generally used to describe single-phase non-Darcy flow (Forchheimer, 1901). Forchheimer observed 
that at high flow velocities the relationship between pressure gradient and fluid velocity is no longer linear, as described by 
linear Darcy’s flow. In an attempt to describe this nonlinear relationship, Forchheimer added an additional quadratic flow 
term (Eq. 2) and cubic term (Eq. 3) to the Darcy’s linear form. Eq. 2 is generally known as Forchheimer’s equation.  
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where β is the non-Darcy flow coefficient. The non-Darcy flow coefficient is usually estimated by analysis of multi-rate 
pressure transient tests, but such data are not always available. The usual practice to estimate values of the β factor is to use 
empirical correlations or theoretical equations obtained from the literature. It has been reported that β estimated from well 
tests is two to three times higher than β estimated from empirical correlations (Ramey, 1965; Odeh et al., 1975; Firoozabadi 
and Katz, 1979). There have been many correlations in the literature to estimate the non-Darcy flow coefficient. Permeability, 
porosity, and tortuosity are the three major parameters in the non-Darcy flow coefficient correlations. 
        Effects of non-Darcy or high-velocity flow regimes in porous media have been observed and investigated for decades 
(Tek et al., 1962; Scheidegger, 1974; Katz and Lee, 1990). The effects of non-Darcy flow on pressure transient analysis for 
gas wells have been investigated using numerical modeling (Smith, 1961; Swift and Kiel, 1962). The results indicated that 
non-Darcy flow leads to an additional pressure drop near the wellbore that may be approximated as a flow-rate-dependent 
skin factor. The non-Darcy flow skin factor and wellbore storage can be integrated together with the skin due to formation 
damage or stimulation resulting in a total skin factor as follow (Ramey, 1965): 
 

t MS S Dq= +                                              (4) 
 
where D is the non-Darcy flow coefficient and q is the production rate. This simplified approach, however, may apply in a 
well with a cased-hole completion, where high velocity flow occurs and converges toward perforations. This simplified 
approach presented in Eq. 4 may not apply to hydraulically fractured wells with non-Darcy flow in the fracture (Holditch, 
1976; Guppy et al., 1982; Gidley, 1991; Settari et al., 2000). In contrast to the radial flow case, non-Darcy flow in the 
fracture may extend hundreds of feet away from the wellbore. The estimation of non-Darcy flow parameter, D, requires at 
least two different drawdown and/or buildup tests under two different constant flow rates (Ramey, 1965). Different well tests, 
such as flow after flow, isochronal and modified isochronal tests, have been applied to estimating the rate dependent skin 
factor (Cullender, 1955; Jones et al., 1975; Brar and Aziz, 1978; Kelkar, 2000). Usually multi-rate tests are not run on oil 
wells and therefore if non-Darcy flow is present in oil wells, it is often overlooked. Many authors have confirmed the 
presence of non-Darcy flow in oil wells (Fetkovich, 1973; Jones, 1975; Himmatramka, 1981; Blacker, 1982). 
        Many authors have observed the limitations of Forchheimer’s equations to describe entire ranges of fluid velocities 
(Carman, 1973; Fand et al, 1987; Kececioglu and Jiang, 1994; Montillet, 2004; and Barree and Conway, 2004). In this study, 
we use the new flow model, proposed by Barree and Conway (2004), in the pressure transient behavior and analysis of non-
Darcy flow in porous and fractured reservoirs. 
        The Barree and Conway model suggests using a new concept of an apparent permeability (kapp) to describe Darcy 
(linear) and non-Darcy (nonlinear) flow in porous media (Barree and Conway, 2004). The general form of this equation 
(Log-Dose) is given by  
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where kmin is the minimum permeability plateau, kd is Darcy’s permeability, F and E are constants and Re is defined by 
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In Eq. 6, ρ is the fluid density, v is the velocity of fluid, μ is the fluid viscosity and τ is the characteristic length which is 
constant for a formation system and is related to the mean particle size (Barry and Conway, 2004). The non-Darcy flow 
parameters in this flow model are kmin and τ compared to the β factor in the Forchheimer’s flow model. Eq. 5 is a generic 
equation that describes data exhibiting a power law slope bounded by two plateau regions. The Forchheimer equation can be 
written as 
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Eq. 7 can be further simplified as 
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In Eq. 5, if the two exponents E and F are set to 1.0 and the value of kmin is set to zero, the general form (Eq. 5) reduces to the 
form of Eq. 9 which is re-statement of the Forchheimer equation (Eq. 2). Assuming the values of the exponents E and F are 
1.0 and using a minimum permeability divided (or relative to) the Darcy permeability, Eq. 5 becomes 
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       The form of the apparent permeability given by Eq. 11 is very powerful since it can describe any flow system.  By 
substituting Eq. 11 in Eq. 8, the complete nonlinear flow model for non-Darcy 1-D flow following the Barree and Conway 
model (Barree and Conway, 2004) is given by 
 

( )
( )

v
1

1 v
mr

d mr

P
L k

k k

μ

ρ μτ

∂
=

∂ ⎛ ⎞−
+⎜ ⎟⎜ ⎟+⎝ ⎠

                                         (13) 

 
The Barree and Conway model can be extended to multidimensional fluid flow as follow 
 

( )1 mr
d mr

k
k k

μ
μτ

μτ ρ

−∇Φ =
⎛ ⎞−

+⎜ ⎟⎜ ⎟+⎝ ⎠

v

v

                        (14) 

 
where v  is the flow velocity vector and the flow potential gradient ∇Φ  is given by  

 
( )P g Dβ βρ∇Φ = ∇ − ∇                               (15) 

 
where Pβ is the pressure of phase β, g is gravitational acceleration and D is depth. Eq. 14 represents the mathematical model 
used in this study for the Barree and Conway flow model. 
       Researchers showed experimentally on proppant packs that the new flow model developed by Barree and Conway can 
describe all fluid velocities ranges accounting for nonlinear non-Darcy flow (Lai et al., 2009). However, the flow model 
developed by Barree and Conway has not been used yet to analyze pressure-transient well tests with non-Darcy flow effects. 
In this paper we investigate applying this new flow model to well testing pressure-transient applications for single-phase non-
Darcy flow behavior in porous and fractured reservoirs. 
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Mathematical Model 
Consider the flow of a single fluid (single component or a homogenous mixture) through a small control volume of an 
arbitrary shape within the porous medium, the law of conservation of mass states that the difference between inflow and 
outflow must be equal to the sum of accumulation of mass within the control volume. For fluid flow of a single phase β (oil 
or gas) in porous media, the conversation of mass or continuity equation is given by 
 

 

( ) ( ) q
t β β β

∂ φ ρ
∂

= −∇ • +&m                  (16) 

 
where φ is the effective porosity of formation, ρβ is the density of phase β at reservoir conditions, mβ is mass flux of the fluid 
and qβ is the sink/source term of component β per unit volume of formation. The mass flux of the fluid can be expressed in 
terms of superficial velocity as follow 
 

β β βρ= v&m                                  (17) 
 
Combining Eqs. 16 and 17 we obtain the following fluid flow (continuity) equation: 
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       Eq. 18 is a general governing equation that describes the flow of a single-phase fluid in reservoirs. The divergence 
operator on the first term of the right-hand side of Eq. 18 may be expanded in any reservoir coordinate system. For example, 
for a three-dimensional fluid flow in a Cartesian system of coordinates (x, y, z) Eq. 18 becomes 
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For a three-dimensional fluid flow in a cylindrical coordinates (r, θ, z) Eq. 18 becomes 
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Well testing applications assume fluid flow in one- or two-dimensional radial system of coordinates (r, z). Eq. 18 for a 2-D 
radial reservoir system is  
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       In addition to the equation of continuity or mass conservation (Eq. 18), we require a relationship between the fluid 
velocity and the pressure gradient.  For non-Darcy flow using the Barree and Conway model, the velocity of phase β is 
defined as 
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Eq. 22 is obtained by solving Eq. 13 (Barree and Conway model) for the velocity. 
 
Numerical Model 
The numerical technique used in numerical simulation of fluid flow in porous and fractured reservoirs is the "integral finite 
difference" method (Narasimhan and Witherspoon, 1976; Pruess, 1999).  The mass balance equations for fluids are expressed 
in terms of a set of discrete integral finite difference equations.  These discrete non-linear equations are then solved either 
fully implicitly to provide stability and large time step size or using the AIM (Adaptive Implicit Method) to speed up 
simulation times and reduce space storage requirement. Thermodynamic properties of fluids and rock are represented by 
averages over explicitly defined finite subdomains or grid blocks, while fluxes of mass across surface segments between 
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connected grid blocks are evaluated by finite difference approximations. The discretized, non-linear, finite difference mass-
balance equations are then solved simultaneously, using the Newton/Raphson iteration procedure. 
 
Numerical Discretization 
In this study, the numerical approach to simulate the non-Darcy flow consists of spatial discretization of the mass conservation 
equation, time discretization; and iterative approaches to solve the resulting nonlinear, discrete algebraic equations. A mass-
conserving discretization scheme, based on control-volume or integral finite-difference, IFD, (Pruess et al. 1999) is used. The 
control-volume approach provides a general spatial discretization scheme that can represent a one-, two- or three-dimensional 
domain using a set of discrete meshes. Time discretization is carried out using a backward, first-order, fully implicit finite-
difference scheme.  
        Eq. 18 discretized in space using an integral finite-difference or control-volume scheme for a porous and/or fractured 
medium with an unstructured grid as shown in Figure 1. The time discretization is carried out with a backward, first-order finite 
difference method.  Then the discrete non-linear equations of element i are as follows. 
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where n denotes the previous time level, n+1 is the current time level, Vi is the volume of element i (porous or fractured 
block), Δt is the time step size, ηi contains the set of neighboring elements (j) (porous or fractured) to which element i is 
directly connected, Qi is the mass sink/source term at element i, for the fluid and is defined as  
 

1 1n n
i i iQ q Vβ β
+ +=                                                                                    (24) 

 
and Fij

n+1 is the mass “flow” term for the fluid between elements i and j. Eq. 23 is a discrete equation of mass conservation of 
the fluid, has the same form regardless of the dimensionality of the model domain, i.e., it applies to one-, two-, or three-
dimensional flow through porous or fractured media (Wu, 2002). 
 

 
 

Figure 1 – Space discretization and flow-term evaluation in the IFD method (Pruess et al. 1999) 
 
        Using the Barree and Conway flow model to simulate the non-Darcy flow behavior then, based on Eq. 14, the mass flow 
term for the fluid between elements i and j is defined as 
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where subscript ij+1/2 denotes a proper averaging or weighting of properties at the interface between the two elements i and j, 
Aij is the common interface area between the connected blocks or nodes i and j, μ is the viscosity of the fluid, ρ is the density 
of the fluid, di is the distance from the center of block i to the common interface of blocks i and j, τ is the characteristic 
length, kd is Darcy’s permeability, kmr is the ratio of minimum permeability plateau to Darcy’s permeability (Eq. 12) and Φ is 
the flow potential term and defined by Eq. 15. 
 
Numerical Solution Method  
Eq. 23 (discretized/nonlinear continuity equation) is solved fully implicitly using a Newton-Raphson iteration method. The 
discrete nonlinear equation (Eq. 23) can be written in a residual form as follow: 
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where N is the total number of nodes, elements or grid blocks of the grid system. Eq. 26 defines a set of (N) coupled 
nonlinear mass balance equations that need to be solved simultaneously. One primary variable per node is needed to use in 
the Newton-Raphson iteration for solving one equation per node. The fluid pressure is selected as the primary variable, and 
treats all the rest of the dependent variables, such as viscosity, porosity, and density as secondary variables, which are 
calculated from the primary variable at each node and at each iteration.  In terms of the primary variable, the residual 
equation, Eq. 26, at a node i is regarded as a function of the primary variables at not only node i, but also at all its directly 
neighboring nodes j. Applying Newton-Raphson iteration scheme gives: 
 

( ) ( ) ( ) { }
1

, 1
, 1 ,                  i = 1, 2, 3, ....., N

n
i j p n

i p i m p
j

R x
x R x

x

∂
δ

∂

+
+

+ = −                        (27) 

 
where xj is the primary variable at node i and all its direct neighbors; p is the iteration level. The primary variables in Eq. 27 
need to be updated after each iteration as shown by Eq. 28: 
 

 
1 1p p px x xδ+ += +                                   (28) 

 
        The Newton-Raphson iteration process continues until the residuals, Ri

k,n+1, or changes in the primary variables, δxp+1, 
over an iteration are reduced below preset convergence tolerances. In addition, the numerical method is used to construct the 
Jacobian matrix for Eq. 27, as outlined in Forsyth et al. (1995). At each Newton-Raphson iteration, Eq. 27 represents a 
system of N linearized algebraic equations with sparse matrices, which are solved by a linear iterative matrix equation solver. 
The matrix solution used in numerical simulator uses the modern sparse technique-matrix solver. The linear-equation solution 
technique is the advanced state-of-the-art of sparse matrix solver, which is based on an incomplete LU factorization (ILU) 
with CG-like acceleration schemes (Clift et al., 1996). The robustness and efficiency of the numerical solution scheme have 
been tested in many simulations from theoretic studies to field applications (Wu, 2000). 
 
Treatment of Initial and Boundary Conditions 
Similarly to Darcy flow, first-type or Dirichlet boundary conditions can be treated using the large-volume or inactive-node method 
(Pruess, 1999), in which a constant pressure node may be specified with a huge volume while keeping all the other geometric 
properties of the mesh unchanged. Once specified, primary variables will be fixed at the big-volume boundary nodes, and the code 
handles these boundary nodes exactly like any other computational nodes. Flux-type or Neuman boundary conditions are treated 
as sink/source terms, depending on the pumping (production) or injection condition, which can be directly added to Eq. 26.  This 
treatment of flux-type boundary conditions is especially useful for a situation where flux distribution along the boundary is 
known, such as dealing with a single-node well. More general treatment of multilayered well-boundary conditions is discussed in 
Wu et al. (1996 and 2000). 
 
Handling Non-Darcy Flow in Fractured Reservoirs 
Understanding and modeling fracture flow phenomena in porous media have been observed and studied for decades (e.g., 
Barenblatt et al., 1960; Warren and Root, 1963; Kazemi, 1969; Pruess and Narasimhan, 1985).  Warren and Root (1963) has 
developed the classical double-porosity concept for modeling flow in fractured porous media that assumes a flow domain is 
composed of matrix blocks of low permeability embedded in a network of interconnected more permeable fractures. Global flow 
in the formation occurs only through the fracture system, described as an effective porous continuum. The matrix behaves as 
spatially distributed sinks or sources to the fracture system without accounting for global matrix-matrix flow. If a global matrix-
matrix flow is included, the approach becomes a dual-permeability conceptual model. The double-porosity or dual-permeability 
model relies on a quasi-steady-state flow assumption to account for fracture-matrix interflow. This may limit their applicability in 
application to situations having only matrix blocks of small size to satisfy the quasi-steady state mass transfer condition. The 
generalized dual-continuum method, such as the MINC concept (Pruess and Narasimhan, 1985) and the multiporosity model (Wu 
and Pruess, 1988), can describe flow in a fracture/matrix system with any size and shape of matrix blocks and with fully transient 
handling of fracture/matrix interactions. The generalized dual-continuum, MINC method, can handle any flow processes of 
fractured media with matrix size varying from as large as the model domain of interest to as small as a representative elementary 
volume (REV). In general, the fracture network can be continuous in a pattern, randomly distributed or discrete.  
        The technique used in the numerical model of this study for handling non-Darcy flow through fractured rock follows the 
dual-continuum methodology (Warren and Root, 1963; Pruess, 1991; Pruess and Narasimhan, 1985). The method treats fracture 
and matrix flow and interactions using a multi-continuum numerical approach, including the double- or multiporosity method 
(Wu and Pruess, 1988), the dual-permeability method, and the more general “multiple interacting continua” (MINC) method 
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(Pruess and Narasimhan, 1985). The non-Darcy flow formulation (Eqs. 16, 23 and 25) is applicable to both single-continuum and 
multi-continua media. Using the dual-continuum concept, Eqs. 16, 23 and 25 can be used to describe single-phase flow both in 
fractures and inside matrix blocks when dealing with fractured reservoirs. A special attention needs to be paid to treating 
fracture/matrix flow terms with Eq. 23 for estimation of mass exchange at fracture/matrix interfaces using a double-porosity 
approach. Eq. 25 that describes flow according to Barree and Conway model is used for calculations of flow between matrix and 
fracture. However, kd and kmin parameters used in Eq. 25 are only for the matrix and no averaging is required. The characteristic 
length of non-Darcy flow distance between fractures and matrix crossing the interface for the double-porosity or the nested 
discretization may be approximated using the results for Darcy flow (Warren and Root, 1965; Pruess, 1983). When handling flow 
through a fractured rock using the numerical formulation of this work, the problem essentially becomes how to generate a mesh 
that represents both the fracture and matrix systems. Several fracture-matrix sub-gridding schemes exist for designing different 
meshes for different fracture-matrix conceptual models (Pruess, 1983). Once a proper mesh of a fracture-matrix system is 
generated, fracture and matrix blocks are specified to represent fracture or matrix domains, separately.  
 
Numerical Simulation of Skin Zone 
An example of how to simulate the skin zone for a radial reservoir in non-Darcy flow numerical models is shown in Figure 2. The 
skin zone (damaged or stimulated) can be numerically simulated by at least two control volume elements.  
 

 
 

Figure 2 – Illustration example of how to simulate the skin zone in the numerical model 
 
        For a given value of skin factor (S), wellbore radius (rw), and reservoir permeability (k); the permeability of the skin 
zone (ks) is calculated using the following equation for any skin zone radius (rs) (Hawkins, 1956): 
 

1
( )s

s w

Sk k
Ln r r

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
                                 (29) 

 
Then, the calculated skin zone permeability (Eq. 29) is input to the numerical simulator as a rock property for the two control 
elements. The mesh section in the simulator generates the grid data for the given reservoir system. It is flexible in the 
numerical simulator to change the skin zone radius by controlling the elements in the generated mesh or gird. Following the 
strategy above, the data shown in Table 1 was used to generate synthetic pressure transient responses for different skin 
factors (S = 0, 1, 5 and 10) using the Barree and Conway flow numerical model (kd = kmin = 100 md, no non-Darcy effects). 
Then the simulation results were compared to the analytical solution as shown in Figure 3. An excellent agreement was 
obtained between the numerical model and the analytical solution for all values of skin factors.  
 

 
 

Figure 3 – Comparison of numerical and analytical solutions for different skin factors using Barree and Conway model 
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Table 1 - Input data used for comparison of analytical and numerical (Barree and Conway model) solutions for 
different values of skin factor (S) and wellbore-storage coefficient (C) 

 
Parameter Value Unit 

Darcy Permeability kd = 100 md 
Minimum Permeability kmin = 100 md 
Skin Factor S = 0, 1, 5, 10  
Wellbore Storage Coefficient C = 0, 0.05, 0.5, 1 bbl/psi 
Viscosity μ = 1 cp 
Porosity φ = 0.2  
Density ρ = 60 lb/ft3 
Total Compressibility Ct = 10x10-6 psi-1

Production Rate q = 1,000  bbl/d 
Formation Thickness h = 32.81 ft 
Initial Pressure Pi = 1,000 psi 
Reservoir drainage radius re = 32,810 ft 
Wellbore Radius rw = 0.3281 ft 

 
Numerical Simulation of Wellbore Storage  
If the production rate is constant at surface condition, then the wellbore storage effect may last for a period of time, 
depending on the wellbore store volume and the rate of unloading the produced fluid. In drawdown tests the fluid stored in 
the wellbore after shut-in period will unload from the wellbore with no flow from the reservoir to the wellbore. At time 
passes, the flow rate (from reservoir to wellbore) will equal to the surface production rate with the amount of fluid stored 
being constant. The wellbore storage coefficient (C) may be defined as the ability of the wellbore to store or unload fluid per 
unit change in pressure and it depends on the situation in the wellbore. During that short time of wellbore store (buildup) or 
unload (drawdown) fluids, the transient pressure response is not the true reservoir response to be analyzed for formation 
properties. In single-phase fluid flow the wellbore storage coefficient (C, bbl/psi) may be defined as 
 

wb wbC V c=                          (30) 
 
where Vbw is the volume of the wellbore in bbl and cwb is the compressibility of the wellbore fluid in psi-1. In numerical 
simulator we compute Vwb for a given value of C and cwb. Since the numerical simulator considers the well element as a 
“reservoir” element by multiplying it by the porosity of the matrix, then we must divided the computed volume, Vwb, by the 
porosity to consider all the volume of the wellbore as follow 
 

wb element
wb

CV
cφ− =                                                             (31) 

 
Then this computed volume, Vwb-element, is input to the numerical model as the volume of the well element in the reservoir grid 
system to actually represent physically the wellbore.  
The data, shown in Table 1, were used to generate synthetic pressure transient responses for different wellbore storage 
coefficients (C = 0, 0.05, 0.5 and 1 bbl/psi) using the Barree and Conway flow numerical model (kd = kmin = 100 md, no non-
Darcy effects). The simulation results were compared to the analytical solution as shown in Figure 4. An excellent agreement 
was obtained between the numerical model and the analytical solution for all values of wellbore storage coefficients.  
 

 
 

Figure 4 – Comparison of numerical and analytical solutions for different wellbore-storage, C, using Barree and Conway model 
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Verification of Numerical Model  
An analytical steady-state flow solution of a 1-D radial reservoir for incompressible, slightly compressible and compressible 
fluids according to the Barree and Conway model is derived. Appendix A presents the derivations in details. The analytical 
solution is here used to check the numerical model. The analytical steady-state solution of 1-D radial reservoir for 
incompressible fluid according to the Barree and Conway model is given by 
 

( ) ( )
( )
21 ln 1 ln

2 2
mr ee

i mr
d i mr mr

mk h rrmP P k
k hk r mk h r

π μτμ
ρ π π μτ

⎡ ⎤⎧ ⎫⎛ ⎞+⎛ ⎞⎪ ⎪= − − −⎢ ⎥⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟+⎝ ⎠⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭⎣ ⎦

&&

&
                                                            (32) 

 
       In numerical simulation, the porous formation is assumed uniform, radially finite of 100 ft thick and is represented by a 
radially-symmetrical, cylindrical reservoir (RxZ, 10,000x100 ft), discretized into a one-dimensional (R), the r-distance of 
10,000 ft is subdivided into 310 intervals (volume elements) in logarithmic scale with a Δr size that increases logarithmically 
away from the wellbore (rw = 0.3 ft). The formation is initially at a constant pressure of 5,000 psi and is subjected to a 
constant production rate of 2,500 reservoir bbl/day at the producing well, starting at time of zero. The input parameters used 
for the numerical simulation are listed in Table 2. The pressure at the outlet boundary is maintained at the initial pressure 
(5,000 psi), and a constant mass production rate (2,500 bbl/day) is proposed at the wellbore (rw = 0.3 ft) for both the 
analytical and numerical solutions. The numerical calculations are carried out until steady state is reached. Several simulation 
cases where run to check consistency of numerical model and the analytical solution. The Barree and Conway model, non-
Darcy flow, parameters used are the characteristic length, τ, and the minimum permeability plateau, kmin. The first 
comparison case was run for two values of the characteristic length (τ = 1,000 and 0.001 (1/ft)). Figure 5 presents a 
comparison between the analytical and numerical solutions for this case. Figure 5 indicates that excellent results are obtained 
from the numerical simulation, as compared to the analytical solution.  
 
 

Table 2 - Input data used for comparison of analytical and numerical (Barree and Conway model) solutions 
 

Parameter Value Unit
Darcy Permeability kd = 100 md 
Minimum Permeability kmin = 25, 50, 100 md 
Characteristic Length τ = 10-3, 103 1/ft 
Porosity φ = 0.2  
Viscosity μ = 1 cp 
Density ρ = 60 lb/ft3 
Production Rate q = 2,500 bbl/day 
Formation Thickness h = 100 ft 
Pressure at outer boundary Pi = 5,000 psi 
Reservoir drainage radius re = 10,000 ft 
Wellbore Radius rw = 0.3 ft 

 
 
 

 
 

Figure 5 – Comparison of analytical and numerical solutions for steady-state radial flow and for two different values of the 
characteristic length using Barree and Conway model 
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       The second comparison case was run for three values of the minimum permeability plateau (kmin = 25, 50 and 100 md). 
Figure 6 presents a comparison between the analytical and numerical solutions for this case. Figure 6 indicates that excellent 
results are obtained from the numerical simulation, as compared to the analytical solution.  
 

 
 

Figure 6 – Comparison of analytical and numerical solutions for steady-state radial flow and for three different values of the 
minimum permeability plateau using Barree and Conway model 

 
Examples and Field Applications 
This section shows synthetic examples, type-curves from the numerical model and field applications (actual well testing data) 
of using the developed non-Darcy numerical model according to the Barree and Conway flow model to interpret and analyze 
pressure drawdown and buildup tests in porous reservoirs. 
 
Transient-Pressure Type Curves 
         This example shows type curves generated from transient non-Darcy flow model incorporating the Barree and Conway 
model. These type curves can be used to match actual pressure-transient data and analyze combined effects of non-Darcy 
flow behavior, skin effect and wellbore storage by curve-fitting. The dimensionless pressure, time, wellbore-storage and skin 
factor are defined by Eqs. 33-36 for constant production in a radial reservoir. 
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= −                  (33) 
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Δ

=                  (36) 

 
The dimensionless non-Darcy flow parameter, kmr, according to Barree and Conway is defined as: 
 

min
mr

d

k
k

k
=                  (37) 

 
The dimensionless non-Darcy flow parameter, τD, is defined based on distance in radial-direction as: 

D r
ττ =                  (38) 
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In Eq. 38, if we analyze pressure-transient data for wellbore pressure, as the case of this example, then r = rw. Input data used 
for generating pressure transient type-curves in this example are listed in Table 3. In numerical simulation, the porous 
reservoir system is assumed uniform, radially finite of 100 ft thick and is represented by a 1-D radial grid of 2,010 volume 
elements with a Δr size that increases logarithmically away from the wellbore (rw = 0.3 ft). Figures 7 and 8 show example 
type-curves generated from the numerical model studying effect of non-Darcy flow parameters (kmr and τD) according to 
Barree and Conway model with combined effect of skin (S = 1) and wellbore storage (CD = 500). Figure 7 shows log-log plot 
of dimensionless pressure versus dimensionless time for different values of dimensionless non-Darcy flow parameter kmr (1, 
0.5 and 0.2) with a fixed value of τD of 0.1, skin factor of 1.0 and CD of 500. The early time, unit-slope, straight line indicates 
clearly the effect of wellbore storage. The value of kmr of 1.0 is simulating Darcy’s flow with skin factor of 1.0. Note that the 
generated type-curves combine both effects of skin (damage in this example) and non-Darcy flow. As the value of kmr 
decreases we can see clearly more increase in pressure drop due to non-Darcy flow. Figure 8 shows type curve (log-log plot 
of pD versus tD) for different values of dimensionless non-Darcy flow parameter τD (0.01, 10, 1000) with fixed value of kmr of 
0.5, skin factor of 1.0 and CD of 500. As the value of τD decreases we can notice the increase in pressure drop due to non-
Darcy flow. However this increase in pressure drop is less than the effect of decreasing kmr (see Figure 7). In actual cases we 
expect low values of the characteristic length, τ, thus the major contributing parameter of non-Darcy flow according to the 
Barree and Conway model, in this example, is the minimum permeability plateau, kmin. 
 
 

Table 3 - Input data used for generating type-curves of transient non-Darcy flow using Barree and Conway model 
 

Parameter Value Unit 
Minimum Permeability relative to Darcy’s Permeability kmr = 1, 0.5, 0.2  
Dimensionless Characteristic Length τD = 0.1, 10, 100  
Dimensionless Wellbore-Storage CD = 500  
Skin Factor S = 1  
Porosity φ = 0.2  
Viscosity μ = 1 cp 
Density ρ = 60 lb/ft3 
Formation Thickness h = 100 ft 
Pressure at outer boundary Pi = 5,000 psi 
Reservoir drainage radius re = 10,000 ft 
Total Compressibility ct = 10x10-6 psi-1 

Production Rate q = 5,000 bbl/day 
Wellbore Radius rw = 0.3 ft 

 
 

 
 
Figure 7 – Type curves of transient non-Darcy flow using Barree and Conway model showing effect of non-Darcy flow parameter kmr 
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Figure 8 – Type curves of transient non-Darcy flow using Barree and Conway model showing effect of non-Darcy flow parameter τD 
 
Pressure Drawdown Tests in Reservoirs 
         This example shows a pressure drawdown test in a porous-medium reservoir rock using the non-Darcy simulation 
model according to the Barree and Conway flow model. Synthetic pressure transient responses are generated from the 
numerical model to study effects of the non-Darcy flow parameters of the Barree and Conway model. The near wellbore 
effects, such as skin and/or wellbore storage effects, have not been considered in these simulation cases for unaffected 
pressure responses while studying effects of non-Darcy flow parameters. In the numerical model, the porous-medium 
reservoir system is assumed uniform, radially finite of 100 ft thick and is represented by a 1-D radial grid of 2,010 volume 
elements with a Δr size that increases logarithmically away from the wellbore (rw = 0.3 ft). The formation is initially at a 
constant pressure of 5,000 psi and is subjected to a constant production rate of 5,000 bbl/day at the producing well, starting at 
time of zero. Input data used for simulating the pressure transient responses in the numerical model are listed in Table 4. 
 

Table 4 - Input parameters used for numerical simulation of pressure transient responses of non-Darcy flow using 
Barree and Conway model for pressure drawdown test example in porous radial reservoir 

 
Parameter Value Unit 

Darcy Permeability kd = 100 md 
Minimum Permeability kmin = 25, 50, 75, 100 md 
Characteristic Length τ = 10-6, 10-3, 10-1, 1, 10, 102, 103, 106 1/ft 
Porosity φ = 0.2  
Viscosity μ = 1 cp 
Density ρ = 60 lb/ft3 
Production Rate q = 1000, 2500, 5000  bbl/day 
Formation Thickness h = 100 ft 
Pressure at outer boundary Pi = 5,000 psi 
Reservoir drainage radius re = 10,000 ft 
Total Compressibility ct = 10x10-6 psi-1 

Wellbore Radius rw = 0.3 ft 
 
Effect of Minimum Permeability 
         Several simulation cases were run using the numerical model to see the effect of the minimum permeability, kmin, on the 
non-Darcy pressure transient responses during a pressure drawdown test. The input data in Table 4 was used with a fixed 
value of characteristic length, τ, of 1 (1/ft) and a constant production rate of 5,000 bbl/day. Figure 9 presents the simulated 
pressure transient responses at the producing well. The pressure drop due to the non-Darcy flow effects increases as the value 
of minimum permeability decreases, showing a very high non-Darcy flow effects when kmin parameter is very low (Case of 
kmin = 25 md). Increasing the value of kmin parameter reduces non-Darcy pressure drop showing a Darcy’s flow behavior 
when kmin parameter is very high and equals to the constant Darcy’s permeability (Case of kmin = kd = 100 md). 
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Figure 9 – Effect of non-Darcy flow minimum permeability, kmin, on the pressure transient responses of a pressure drawdown test 

example in a porous radial reservoir using Barree and Conway model 
 

 
Figure 10 – Effect of non-Darcy flow characteristic length, τ, on transient responses of pressure drawdown test example in porous 

radial reservoir using Barree and Conway model 
 

Effect of Characteristic Length 
        Sensitivity cases were run to investigate the effect of the characteristic length, τ, on the non-Darcy pressure transient 
responses of a pressure drawdown test. The input data in Table 4 was used with a fixed value of minimum permeability, kmin, 
of 50 md and a constant production rate of 5,000 bbl/day.  The reason for choosing a kmin case of 50 md is because it shows a 
non-Darcy pressure drop ranges between minimum value at kd = 100 md and maximum value at kmin = 25 md (see Figure 9). 
Figure 10 presents the simulation results. The pressure drop due to the non-Darcy flow increases as the value of the 
characteristic length decreases, showing a very high non-Darcy or nonlinear flow effects when the value of τ is very low (less 
than or equal 0.001 (1/ft) in this example, see Figure 10). Increasing the value of the characteristic length reduces the non-
Darcy or nonlinear flow behavior up to a maximum value (1,000 (1/ft) in this example, see Figure 10) where the flow 
becomes mainly Darcy’s linear flow. 
 
Effect of Production Rate 
        The non-Darcy flow behavior is more sensitive to the production rate. At higher production rates we expect more 
significant pressure drop due to the stronger non-Darcy flow behavior. Several cases were run changing the well production 
rate to investigate the impact of the non-Darcy flow parameters (kmin and τ) on the pressure transient responses of the 
pressure drawdown test. Sensitivity cases were run from high production rate of 5,000 bbl/day to low value of 1,000 bbl/day. 
For production rates below 1,000 bbl/day, the non-Darcy flow behavior becomes insignificant. Figures 11 and 12 represent 
the simulated non-Darcy pressure responses for a production rate of 1,000 bbl/day. The same as concluded previously, both 
the minimum permeability plateau and the characteristic length parameters are sensitive and affect the pressure transient 
responses. Since changing one flow parameter requires setting the other parameter constant in the simulation runs, we found 
that the characteristic length is more sensitive compared to the minimum permeability plateau especially at low production 
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rates. If a higher value of the characteristic length is used (minimizing the non-Darcy flow behavior toward Darcy’s flow) 
then changing the minimum permeability plateau value (even to a very low value, maximizing the non-Darcy flow behavior) 
will not affect the pressure transient responses. 
 

 
 

Figure 11 – Effect of non-Darcy flow minimum permeability, kmin, and low production rate on transient responses of pressure 
drawdown test example using Barree and Conway model 

 

 
Figure 12 – Effect of non-Darcy flow characteristic length, τ, and low production rate on the pressure transient responses of 

drawdown test example using Barree and Conway model 
 
Pressure Transient Analysis  
In an effort to make the permeability estimate in presence of the non-Darcy flow effects, synthetic pressure transient 
responses generated using the numerical model incorporating the Barree and Conway model has been analyzed using the 
standard straight-line techniques. Synthetic pressure transient responses has been generated for two cases, (1) pressure 
drawdown test and (2) pressure drawdown test followed by pressure buildup test, to interpret non-Darcy flow effects on both 
pressure transient tests. Effects of skin (in case of formation damage) and wellbore storage on pressure transient responses 
has been analyzed considering effects of non-Darcy flow using the Barree and Conway model.   
 
Pressure Drawdown Test Example 
        In this example, the porous-medium formation is assumed homogenous, radial, infinite acting and composed of a single 
layer of 100 ft thick. Simulation input data used for generating synthetic pressure transient responses is listed in Table 4. In 
numerical simulation, the porous-medium reservoir system is represented by a radially-symmetrical, cylindrical reservoir 
(RxZ, 10,000x100 ft) is discretized into a one-dimensional (R), the r-distance of 10,000 ft is subdivided into 2,010 volume 
elements in logarithmic scale with a Δr size that increases logarithmically away from the wellbore (rw = 0.3 ft). The formation 
is initially at a constant pressure of 5,000 psi and is subjected to a constant production rate of 5,000 bbl/day at the producing 
well, starting at time of zero. The near wellbore effects including formation damage (skin effects) and/or wellbore storage has 
not been considered in this example to avoid interference with presence of non-Darcy flow effects. The Darcy’s permeability 
is one of the input parameters used in the numerical model (kd = 100 md). The Darcy’s permeability can be estimated from 
the slope of the straight line (m) of a semi-log plot of wellbore pressure versus time as follow: 
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162.6
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mh

βμ
=                                   (39) 

 
Figure 13 shows the semi-log plot used for analysis of non-Darcy pressure transient responses. For the Darcy’s flow case 
where the minimum permeability is set equal to the Darcy’s permeability of 100 md, the estimated slope of the straight line is 
81.8 psi/cycle and the estimated kd is 99.5 md. This indicates that when kmin is equal to kd in the Barree and Conway model, 
non-Darcy flow behavior is not present, we are simply analyzing Darcy’s flow. The slope of the non-Darcy flow straight line 
is 90.5 psi/cycle and the re-estimated kd is 89 md. This indicates that the non-Darcy flow behavior affects the estimation of 
the Darcy’s permeability using the standard semi-log straight line analysis. The Barree and Conway model define and 
apparent permeability that account for both Darcy’s and non-Darcy’s flow combined in the following relationship: 
 

min
min

( )
v(1 )

d
app

k k
k k ρ

μτ

−
= +

+
                                  (40) 

 
The fluid velocity in Eq. 40 is calculated from the production rate using the cross-sectional area to flow. The estimated kapp 
using Eq. 40, after unit conversions, is 54.5 md and is not equal to the value of the permeability estimated from the semi-log 
straight line analysis (89 md). This indicates that the estimated permeability from semi-log straight line is higher than the 
apparent permeability as predicted by Barree and Conway model (Eq. 40). In simulating pressure drawdown tests with the 
non-Darcy flow effects according to the Barree and Conway model and assuming no skin and wellbore storage effects the 
permeability estimated using the standard straight-line analysis is an apparent permeability and not the Darcy’s constant 
permeability. The estimated permeability, in this example (89 md), ranges from the minimum permeability (kmin = 25 md) 
and to less than the Darcy’s permeability (kd = 100 md). Thus in pressure drawdown tests the standard straight-line analysis 
techniques underestimate the Darcy’s permeability when non-Darcy flow behavior exists.  
 

 
 

Figure 13 – Analysis of non-Darcy flow transient responses using Barree and Conway model of pressure drawdown test example 
 
Pressure Drawdown followed by Pressure Buildup Test  
        In this example, the pressure drawdown test, discussed in previous example (input data used is listed in Table 4), is 
followed by a pressure buildup test. The pressure drawdown test lasts for 100 hours (production time) with a constant 
production rate of 5,000 bbl/day followed by shut-in of the well for 100 hours. Figure 14 presents the pressure-transient 
responses for the drawdown test followed by pressure buildup test generated, by the numerical simulator considering both 
Darcy’s (kmin = 100 md) and non-Darcy’s flow (kmin = 25 md) with a constant value for the characteristic length, τ, of 1 (1/ft). 
It is obvious that severe non-Darcy flow effects on the pressure-transient responses (during pressure drawdown) disappear 
completely during the pressure buildup test. This is simply because no production (or high velocity of produced fluid) during 
the pressure buildup period. Thus even with high non-Darcy flow effects (as simulated in this example) prior to pressure 
buildup test, the pressure transient responses afterward behaves like Darcy’s flow responses. Analysis of permeability 
estimate using the standard straight-line techniques for the pressure buildup responses results in Darcy’s constant 
permeability (kd). Thus pressure buildup can be used to estimate kd parameter of the Barree and Conway model with 
confidence even with strong non-Darcy flow effects during drawdown test prior to buildup test. As conclusion, if the pressure 
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drawdown test is followed by pressure buildup test then the estimation of the Darcy’s permeability (kd) parameter of the 
Barree and Conway model from the pressure buildup test is accurate even with severe non-Darcy flow behavior. 
 

 
 

Figure 14 – Transient responses of a drawdown test followed by buildup test simulated using Barree and Conway model 
 
Combined Effect of Skin, Wellbore Storage and Non-Darcy Flow 
         Figure 15 presents the pressure transient responses for the drawdown test discussed in the previous example including 
combined effects of skin and wellbore storage with the non-Darcy flow effects. The wellbore storage (C = 0.1 bbl/psi) with 
non-Darcy flow effects (kmin = 25 md, τ = 1 1/ft) only affects the early time responses and does not affect the permeability 
estimate. The skin (S = 1) causes a high pressure drop with the non-Darcy flow effects. The combined effect of both wellbore 
storage and skin is shown in Figure 15. The interpretation of all pressure transient responses shows the same results as 
obtained before, the non-Darcy flow behavior affects the estimate of constant Darcy’s permeability using the standard 
straight-line techniques. 

 
Figure 15 – Combined effects of wellbore storage and skin on pressure drawdown test simulated using Barree and Conway model 

 
Estimation of Non-Darcy Flow Parameters  
Since non-Darcy flow parameters of the Barree and Conway model (kmin and τ) may not be directly estimated from pressure-
transient data, we developed a methodology to obtain these parameters indirectly. This methodology is based on matching 
actual pressure-transient data with transient responses generated by the numerical model by incorporating a non-linear 
optimization algorithm, based on non-linear Gauss-Levenberg algorithm. For a given producing well, constant Darcy’s 
permeability (kd) is estimated from analysis of actual pressure buildup test data, as discussed in previous examples,  using 
standard straight-line analysis and then input to the numerical model with well and reservoir data. Then numerical model is 
run with non-linear optimization algorithm to match actual pressure-transient data and report non-Darcy flow parameters of 
the Barree and Conway model (kmin and τ) for the matched case. This matching process takes sometimes more iterations and 
requires an initial guess of two parameters and their range of values for non-linear optimization algorithm to work.  This 
procedure is only valid for pressure drawdown test data where non-Darcy flow behavior exists (high production rate) and 
may not be applied to pressure buildup data since non-Darcy flow effects disappears completely after shut-in of the well.  
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Analysis of Field Pressure Drawdown and Buildup Tests 
         Actual pressure transient data (drawdown and buildup tests) from high production rate wells in Kuwait have been 
analyzed to understand non-Darcy flow effects using the numerical model of this study incorporating Barree and Conway 
model and non-linear optimization method. As an application example, we show here analysis results of actual pressure 
drawdown test followed by pressure buildup test (for high-rate oil producer well in Kuwait) to estimate non-Darcy flow 
parameters of the Barree and Conway model. Input data for well and reservoir used in numerical simulation are listed in 
Table 5. Figure 16 shows actual transient pressure data for the studied well for pressure drawdown test followed by pressure 
buildup test. Analysis of pressure buildup test data shows that kd = 449.89 md, St = 11.29 and C = 0.829 bbl/psi using 
standard well testing techniques. Figure 17 shows semi-log plot of wellbore pressure versus time for actual pressure 
drawdown data and numerical model of this study (matched, optimized case). Figure 17 indicates that excellent results are 
obtained from optimized numerical simulation, as compared to actual well test data. The estimated non-Darcy flow 
parameters of Barree and Conway model for the matched case of pressure drawdown test are kmin = 126.46 md and τ = 0.552 
(1/ft). These results and information can be used to model accurately non-Darcy flow to predict and improve well and 
reservoir performance. 
 
 
Table 5 - Input data used for numerical simulation and transient analysis of non-Darcy flow using Barree and Conway 

model for pressure drawdown test followed by pressure buildup for a high-rate oil producing well in Kuwait 
 

Parameter Value Unit 
Porosity φ = 0.26  
Viscosity μ = 0.162 cp 
Initial Pressure before Test Pi = 3,288.62 psi 
Production Rate q = 6,195 stb/day 
Oil Formation Volume Factor Bo = 1.69 bbl/stb 
Formation Thickness h = 159 ft 
Reservoir Drainage Radius re = 10,000 ft 
Total Compressibility ct = 2.378x10-5 psi-1 

Wellbore Radius rw = 0.31 ft 
Duration of Drawdown Test 24 hours 
Duration of Buildup Test 68 hours 

 
 

 
 

Figure 16 – Actual pressure-transient data for pressure drawdown test followed by buildup test for high production rate well in 
Kuwait 

 
 

 
 

 

3150

3175

3200

3225

3250

3275

3300

0 20 40 60 80 100

W
el

lb
or

e 
Pr

es
su

re
, p

si

Time, hour

Pressure buildup test is analyzed to estimate kd parameter,
total skin factor and wellbore storage by using standarad
welltesting techniques

Pressure drawdown test is analyzed to estimate kmin and τ parameters
by using non-Darcy flow numerical model with non-linear optimization



18  SPE 133533 

 
Figure 17 – Estimation of non-Darcy flow parameters of Barree and Conway model from actual pressure drawdown test data for high 

production rate well in Kuwait using non-linear optimized numerical model 
 
Conclusions 
In this paper, we have presented the usage of the Barree and Conway model in pressure-transient analysis of non-Darcy flow 
in porous-medium and fractured reservoirs. The non-Darcy fluid flow according to the Barree and Conway model is 
incorporated into a three-dimensional reservoir simulator. The developed numerical model is capable of simulating all near 
wellbore effects, such as the wellbore storage and skin effects with the non-Darcy flow behavior. An analytical solution for 
steady-state non-Darcy radial flow has been derived according to the Barree and Conway model and is used to verify the 
numerical model. The numerical model has been used to model and interpret the radial flow pressure-transient responses for 
pressure buildup and drawdown well tests in porous-medium and fractured reservoirs. The following conclusions are 
obtained from the work presented in this paper: 

1. The Barree and Conway model can be applied to analyze and interpret transient behavior of non-Darcy flow in both 
porous-medium and fractured reservoirs.  

2. In simulating pressure drawdown tests with the non-Darcy flow effects according to Barree and Conway model 
without skin and wellbore storage effects, the permeability obtained using the standard straight-line analysis is an 
apparent permeability and not the Darcy’s constant permeability. The estimated permeability ranges from the 
minimum permeability and to less than the Darcy’s permeability. In pressure drawdown tests the standard straight-
line analysis techniques underestimate the Darcy’s permeability when non-Darcy flow behavior exists.  

3. A pressure buildup test, following non-Darcy flow drawdown tests, may be good for determining Darcy’s 
permeability values using the standard straight-line analysis without significant non-Darcy flow.  

4. Type curves generated by the optimized numerical model are provided to demonstrate a methodology for modeling 
single phase transient non-Darcy flow behavior in porous-medium and fractured rocks.  

5. The Barree and Conway non-Darcy flow model parameters may not be directly estimated from the pressure-transient 
well tests using conventional analysis approaches. However, they can be estimated by a matching process based on 
non-linear optimization algorithm incorporated into the developed numerical model in this study.  

6. The developed numerical model from this study can be used to interpret and match actual pressure drawdown and 
buildup well tests from high production rate wells and to estimate non-Darcy flow parameters according to the 
Barree and Conway model. These results and information can be used to accurately model non-Darcy flow and to 
predict and improve well and reservoir performance. 
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Nomenclature 

P = pressure, psi 
t = time, hour 
∂P/∂L = pressure (head or potential) gradient, psi/ft 

          μ = fluid viscosity, cp 
          k = formation permeability, Darcy or md 
          v  = superficial velocity, ft/s 
          β  = non-Darcy flow coefficient, 1/ft 
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          ρ = fluid density, lbm/ft3 
         γ = non-Darcy flow coefficient in Forchheimer’s cubic Eq., 1/ft 
         φ  = formation porosity, fraction 

S = skin factor, dimensionless 
D = non-Darcy flow coefficient, day/stb or day/Mscf  
d = distance, ft 
h = formation net-pay thickness, ft 
k  = permeability, md 
Re  = Reynolds number, dimensionless 
Rp  = pseudo-Reynolds number, 1/ft 
τ  = characteristic length, 1/ft 
q  = volumetric flow rate, bbl/day 
m&  = mass flow rate, lbm/day 
r  = distance in radial direction, ft 
Φ   = flow potential, psi 
g  = gravitational acceleration, ft/s2 
D  = depth, ft 
B = formation volume factor, bbl/stb 
V  = volume, bbl 
A  = area of interface, ft2 

F  = mass flow term, lbm/day 
Q  = mass sink/source term 
λ  = mobility of flowing fluid phase, md/cp 
N  = total number of nodes, elements or grid blocks 
R  = residual, dimensionless 
x  = primary variable 
Δt  = time step size, hour 
Ct  = total compressibility, psi-1 
C = wellbore storage coefficient, bbl/psi 
Vwb  = wellbore volume, bbl 
cwb  = compressibility of wellbore fluid, psi-1 
m  = slope of semi-log plot straight-line, psi/cycle 

 
Superscript 

E, F = exponents 
n  = current time level 
n+1  = next time level to be solved 

 
Subscript 

t  = total 
i  = initial 
M  = mechanical 
s  = skin zone 
app  = apparent 
min  = minimum 
p  = pseudo 
d = Darcy 
D        = Dimensionless 
mr = minimum relative 
β  = fluid phase (could be oil or gas) 
x, y, z  = x-, y-, z- directions, respectively 
r, θ  = r-, θ- directions, respectively 
i, j = arbitrary element or node 
ij+1/2 = proper averaging of properties at the interface between the two elements i, j 
p  = iteration level 
w = well 
wb  = wellbore 
e = outer boundary 
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Appendix A. Derivations of Steady-State Flow Solution in a 1-D Radial Reservoir for Incompressible, 

Slightly Compressible and Compressible Fluids According to the Barree and Conway Flow Model  
 
The relationship between pressure gradient and fluid velocity according to the Barree and Conway model for single-phase 
fluid flow in 1-D radial reservoir is given by 
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Recasting Eq. A1 
 

2 2v v vd mr d
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Rearranging Eq. A2 
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Solving Eq. A3 for fluid velocity and considering only the positive root (valid) solution 
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The continuity equation for steady-state radial flow in porous media is given by 
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x
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Integrating Eq. A5 leads to 
 

v Cρ =             (A6) 
 
According to flow velocity and mass flow rate definition, we have  
 

v Q m
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ρ ρ= =
&

                                   (A7) 

 
Substituting Eq. A4 into Eq. A7 
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For a 1D radial reservoir the cross-sectional area is given by 
 

2A rhπ=                                    (A9) 
 
Substituting Eq. A9 into Eq. A8 
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Rearranging Eq. A10 
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Recasting Eq. A11 
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Eliminating the square root in Eq. A12 
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Recasting Eq. A13 
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Simplifying Eq. A14 
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Rearranging Eq. A15 
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Rearranging and integrating Eq. A17  
 

( )

2
2

2
2d

mr

m m
rh

k dP dr
rh mk

μ μ τ
π

ρ
π μτ

⎛ ⎞
+⎜ ⎟

⎝ ⎠=
+∫ ∫

&
&

&
              (A18) 



SPE 133533  23 

To simplify the solution let us assume the following: 
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Rewriting Eq. A18 using Eqs. A19-A22 
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Assuming incompressible single-phase (ρ= ρi) flow and solving Eq. A23 
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Applying the boundary limits on Eq. A23 
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Solving Eq. A25 using the solution in Eq. A24 and considering the boundary conditions 
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Simplifying Eq. A26 
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Rearranging Eq. A27 
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Substituting Eqs. A19-A22 in Eq. A28 
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Simplifying Eq. A29 
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Eq. A30 is the steady-state analytical solution for radial flow of incompressible fluid using the Barree and Conway model.  
 
For single phase slightly compressible liquid flow 
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In porous media flow, Eq. A31 is usually simplified as   
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Substituting Eq. A32 in Eq. A23 
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Solving Eq. A33 assuming the compressibility is constant (usual case for liquid flow) 
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Applying the boundary limits on Eq. A40 
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Solving Eq. A35 using the solution in Eq. A24 and considering the boundary conditions and further rearranging and 
simplifying  
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Substituting Eqs. A19-A22 in Eq. A36 and simplifying 
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Recasting Eq. A37 
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Eq. A38 can be solved in term of pressure P as follow 
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(A39) 

 
The pressure P at any radial distance r is the positive root of Eq. A39. Equation A39 is the steady-state analytical solution for 
radial flow of slightly compressible liquids using the Barree and Conway model.  
 
For single phase gas flow (compressible fluid), the density is described by the real gas law 
 

PM
zRT

ρ =               (A40) 

 
Substituting Eq. A40 in Eq. A23 and applying the boundary limits 
 

1
2

3 4i e

P r

d
P r

c c
PM rk dP d
zRT c r c
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+∫ ∫               (A41) 

 
Substituting Eqs. A19-A22 in Eq. A41 and solving 

 

( ) ( )
( )
2

ln 1 ln
2 2

i

P
mr ee

mr
mr d mrP

mk h rrM P mdP k
RT z hk k r mk h r

π μτμ
π π μτ

⎧ ⎫⎛ ⎞+⎛ ⎞⎪ ⎪= − − ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟+⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭
∫

&&

&
                                                        (A42) 

 
Eq. A42 is the steady-state analytical solution for radial flow of compressible gas using the Barree and Conway model.  
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


